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Abstract. These lecture notes are based on an introductory course given by the author at the 
summer school "Noncommutative Algebraic Geometry" at MSRI in June 2012. The emphasis 
throughout is on examples to illustrate the many different facets of symplectic reflection algebras. 
Exercises are included at the end of each lecture in order for the student to get a better feel for 
these algebras. 
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Introduction 

The purpose of these notes is to give the reader a flavor of, and basic grounding in, the theory 
of symplectic reflection algebras. These algebras, which were introduced by Etingof and Ginzburg 
in |24j . are related to an astonishingly large number of apparently disparate areas of mathematics 
such as combinatorics, integrable systems, real algebraic geometry, quiver varieties, resolutions of 
symplectic singularities and, of course, representation theory. As such, their exploration entails a 
journey through a beautiful and exciting landscape of mathematical constructions. In particular, 
as we hope to illustrate throughout these notes, studying symplectic reflection algebras involves a 
deep interplay between geometry and representation theory. 

A brief outline of the content of each lecture is as follows. In the first lecture we motivate 
the definition of symplectic reflection algebras by considering deformations of certain quotient 
singularities. Once the definition is given, we state the Poincare-Birkhoff-Witt theorem, which is 
of fundamental importance in the theory of symplectic reflection algebras. This is the first of many 
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analogies between Lie theory and symplectic reflection algebras. We also introduce a special class 
of symplectic reflection algebras, the rational Cherednik algebras. This class of algebras gives us 
many interesting examples of symplectic reflection algebras that we can begin to play with. We end 
the lecture by describing the double centralizer theorem, which allows us to relate the symplectic 
reflection algebra with its spherical subalgebra, and also by describing the centre of these algebras. 

In the second lecture, we consider symplectic reflection algebras at t = 1. We focus mainly on 
rational Cherednik algebras and, in particular, on category O for these algebras. This category 
of finitely generated H c (iy)-modules has a rich, combinatorial representation theory and good 
homological properties. We show that it is a highest weight category with finitely many simple 
objects. 

Our understanding of category O is most complete when the corresponding complex reflection 
group is the symmetric group. In the third chapter we study this case in greater detail. It is 
explained how results of Rouquier, Vasserot-Varangolo and Leclerc-Thibon allow us to express the 
multiplicities of simple modules inside standard modules in terms of the canonical basis of the 
"level one" Fock space for the quantum afline Lie algebra of type A. A corollary of this result is a 
character formula for the simple modules in category O. We end the lecture by stating Yvonne's 
conjecture which explains how the above mentioned result should be extended to the case where 
W is the wreath product 6 n I Z m . 

The fourth lecture deals with the Knizhnik-Zamolodchikov (KZ) functor. This remarkable functor 
allows one to relate category O to modules over the corresponding cyclotomic Hecke algebra. In 
fact, it is an example of a quasi-hereditary cover, as introduced by Rouquier. The basic properties of 
the functor are described and we illustrate these properties by calculating explicitly what happens 
in the rank one case. 

The final lecture deals with symplectic reflection algebras at t = 0. For these parameters, the 
algebras are finite modules over their centres. We explain how the geometry of the centre is related 
to the representation theory of the algebras. We also describe the Poisson structure on the cen- 
tre and explain its relevance to representation theory. For rational Cherednik algebras, we briefly 
explain how one can use the notion of Calogero-Moser partitions, as introduced by Gordon and 
Martino, in order to decide when the centre of these algebras is regular. 

There are several very good lecture notes and survey papers on symplectic reflection algebras 
and rational Cherednik algebras. For instance |23j . [22], [30], [31] and [33]. I would also strongly 
suggest to anyone interested in learning about symplectic reflection algebras to read the orginal 
paper |24j by P. Etingof and V. Ginzburg, where symplectic reflection algebras were first defined^ 
It makes a great introduction to the subject and is jam packed with ideas and clever arguments. 
As noted briefly above, there are strong connections between symplectic reflection algebras and 
several other areas of mathematics. Due to lack of time and energy, we haven't touched upon those 
connections here. The interested reader should consult one of the surveys mentioned above. A final 



A few years after the publication of [24] it transpired that the definition of symplectic reflection algebras had already 
appeared in a short paper [19] written by V. Drinfeld in the eighties. 
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remark: to make the lectures as readable as possible, there is only a light sprinkling of references 
in the body of the text. Detailed references can be found at the end of each lecture. 
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galski, Michael Wemyss and Travis Schedler all the work they put into organizing the summer 
school at MSRI and for their support over the two weeks. Thanks also to all the students who 
so enthusiastically attended the course and worked so hard. I hope that it was as productive and 
enjoyable for them as it was for me. 
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1. Symplectic reflection algebras 

1.1. Motivation. Let V be a finite dimensional vector space over C and G C GL(V) a finite 
group. Fix dimF = m. It is a classical problem in algebraic geometry to try and understand the 
space V/G = SpecC[V] G , see Wemyss' lectures [53]. At the most basic level, we would like to try 
and answer the questions 

Question 1.1. Is the space V/G singular? 

Or, more generally 

Question 1.2. How singular is V/G? 

The answer to the first question is a classical theorem due to Chevalley and Shephard-Todd. 
Before I can state their theorem, we need the notion of a complex reflection, which generalizes the 
classical definition of reflection encountered in Euclidean geometry. 

Definition 1.3. An element s E G is said to be a complex reflection if rk(l — s) = 1. Then G 
is said to be a complex reflection group if G is generated by S, the set of all complex reflections 
contained in G. 

Combining the results of Chevalley and Shephard-Todd, we have: 

Theorem 1.4. The space V/G is smooth if and only if G is a complex reflection group. If V/G is 
smooth then it is isomorphic to A m , where dimV = m. 

A complex reflection group G is said to be irreducible if the reflection representation V is a 
simple G-module. It is an easy exercise to show that if V = V\ ffi • • • © is the decomposition of 
V into simple G- modules, then G = G\ X • • • X G/%, where Gi acts trivially on Vj for all j ^ i and 
(Gi,Vi) is an irreducible complex reflection group. The irreducible complex reflection groups have 
been classified by Shephard and Todd, |47| . 

Example 1.5. Let & n the symmetric group act on C n by permuting the coordinates. Then, the 
reflections in & n are exactly the transpositions and hence & n is a complex reflection group. If 
C n = Spec C[xi, . . . , x n ], then the ring of invariants C[x\, . . . , x n ] Sn is a polynomial ring with 
generators e%, . . . , e n , where 

€-k — ^ ^ ' ' ' 3Cik 

l<«l<"'<ife<n 

is the ith elementary symmetric polynomial. Notice however that (<3 n ,C n ) is not an irreducible 
complex reflection group. 

Example 1.6 (Non-example). Take m = 2 i.e. V = C 2 and G a finite subgroup of SL2(C). Then 
it is easy to see that S = so G cannot be a complex reflection group. The singular space C 2 /G 
is called a Kleinian (or Du Val) singularity. The groups G are classified by simply laced Dynkin 
diagrams i.e. those diagrams of type ADE, and the singularity C 2 /G is an isolated hypersurface 
singularity in C 3 . 
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Figure 1. The resolution and the deformation of the Z2 quotient singularity. 

The previous non-example is part of a large class of groups called symplectic reflection groups. 
This is the class of groups for which one can try to understand V/G using symplectic reflection 
algebras. If (V, uj) is a symplectic vector space and G C SpiV) then G cannot contain any reflec- 
tions, thus, it is never a complex reflection group. However, one can define s £ G to be a symplectic 
reflection if rk(l — s) = 2. The idea here being that a symplectic reflection is the nearest thing to 
a genuine complex reflection that one can hope for in a subgroup of Sp(V). 

Definition 1.7. The triple (V, u, G) is a symplectic reflection group if (V,uj) is a symplectic vector 
space and G C Sp(V) is a finite group that is generated by S, the set of all symplectic reflections 
in G. 

Since a symplectic reflection group (V,u,G) is not "too far" from being a complex reflection 
group, one might expect V/G to be "not too singular". One way to make this precise is to ask 
whether V/G admits what's called a crepant resolution (the actual definition of a crepant resolution 
won't be important to us in this course). This is indeed the case for many (but not all!) symplectic 
reflection groupa^J In order to classify for those groups G for which the space V/ G admits a crepant 
resolution, the first key idea is to try to understand V/G by looking at deformations of the space 
i.e. some affine variety it : X — > C k such that 7r _1 (0) ~ V/G and the map it is flat. Intuitively, this 
is asking that the dimension of the fibers of n don't change. Then it is reasonable to hope that a 
generic fiber of tt is easier to describe, but still tells us something about the geometry of V / G. 

However there is a fundamental problem with this idea. We cannot hope to be able to write down 
generators and relations for the ring CfV^ in general. So it seems like a hopeless task to try and 
write down deformations of the ring. The second key idea is to try and overcome this problem by 
introduce non-commutative geometry into the picture. In our case, the relevant non-commutative 
algebra is the skew group ring. 



Skip to the end of the final lecture for a precise statement. 
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Definition 1.8. The skew group ring C[V] x G is, as a vector space, equal to C[V] ® CG and the 
multiplication is given by 

9-f = g f-9, VfeC[V],geG, 
where 9 f(v) = f(g~ 1 v) for v £ V. 

Exercise 1.9. Show that the centre Z(C[V] x G) of C[V] x G equals C[V] G . 

The above exercise shows that the information of the ring C[V] G is encoded in the definition 
of the skew group ring. On the other hand, the skew group ring has a very explicit, simple 
presentation. Therefore, we can try to deform C[V] x G instead, in the hope that the centre of the 
deformed algebra is itself a deformation of C[y] G . We refer the reader to Schedler's lectures |46j 
for information on the theory of deformations of algebras. 

1.2. Symplectic reflection algebras. Thus, symplectic reflection algebras are a particular family 
of deformations of C[V] x G, when G is a symplectic reflection group. Fix (V,lj,G), a symplectic 
reflection group. Let S be the set of symplectic reflections in G. For each s G S, the spaces 
Im(l — s) and Ker(l — s) are symplectic subspaces of V with V = Im(l — s) © Ker(l — s) and 
dimlm(l — s) = 2. We denote by uj s the 2-form on V whose restriction to Im(l — s) is u and whose 
restriction to Ker(l — s) is zero. Let c : S — > C be a conjugate invariant function i.e. 

cigsg' 1 ) = c(s), \/seS,geG. 

Let TV* be the tensor algebra on V* . 

Definition 1.10. Let t G C. The symplectic reflection algebra Hi jC (G) is define to be 

H t)C (G) = TV* x G/([u, v] = tu(u, v)-2^ c{s)uj s {u, v) ■ s \ u, v G V*}. (1) 

Notice that the defining relations of the symplectic reflection algebra are trying to tell you how 
to commute two vectors in V* . The expression on the right hand side of belongs to the group 
algebra CG, so the price for commuting u and v is that one gets an extra term living in CG. 

Example 1.11. The simplest non-trivial example is Z2 = (s) acting on C 2 . Let (C 2 )* = Span(x,y), 
where s ■ x = —x, s ■ y = —y and uj(y,x) = 1. Then Hf jC (©2) is the algebra 

C(x, y, s) I (s 2 = 1, sx = —xs, sy = —ys, [y, x] = t — 2cs). 

This example, our "favorite example", will appear throughout the course. 

When t and c are both zero, we have H , (G) = C[V] x G. If A G C x then H At>Ac (G) ~ H tjC (G) 
so we normally only consider the cases t = 0, 1. 

Example 1.12. Again take V = C 2 , then Sp(V) = SL2(C) so we can take G to be any finite 
subgroup of SX2(C). Every g / 1 in G is a symplectic reflection and uj 9 = u. Let x, y be a basis 
of (C 2 )* such that uj{y,x) = 1. Then 

H tje (G)=C(x,y)xG/ /[y,x]=t-2 ^ c(g)g\ . 

\ geG\{i} I 
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The map 

(i,c)^i-2 <9)9 

geG\{l} 

is an isomorphism C x C[S/G] ~ Z(G) of vector spaces, where Z(G) is the centre of the group 
algebra. Hence the main relation can simply be expressed as [y, x] = z for some (fixed) z £ Z(G). 
For (many) more properties of the algebras Ht ]C (G), see [T7] where these algebras were first defined 
and studied. 

There is a natural filtration J- on H^ C (G), given by putting V* in degree one and G in degree 
zero. The crucial result by Etingof and Ginzburg, on which the whole of the theory of symplectic 
reflection algebras is built, is the Poincare-Birkhoff-Witt (PBW) Theorem. 

Theorem 1.13. The map o~(v) h-> v,cr(g) t— >■ g defines an isomorphism of algebras 

gr^(H tjC (G)) ~ C[V] x G, 

where o~(D) denotes the symbol, or leading term, of D £ Ht c (Cr) in grj-(Ht iC (G)). Equivalently, 
there is an isomorphism of vector spaces Ht iC (G) ~ C[V] <8> CG. 

The key point of the PBW theorem is that it gives us an explicit basis of the symplectic reflection 
algebra. The proof of this theorem is an application of a general result by Braverman and Gaitsgory 
[7] ■ If I is a two-sided ideal of TV* x G generated by a space U of (not necessarily homogeneous) 
elements of degree at most two then [H Theorem 0.5] gives necessary and sufficient conditions on U 
so that the quotient TV* x> G/I has the PBW property. The PBW property immediately implies 
that Ht jC (G) enjoys some good ring-theoretic properties, for instance: 

Corollary 1.14. (1) The algebra Hi )C (G) is a prime Noetherian ring. 
(2) Ht,c{G) has finite global dimension (in fact, gl.dim Hf iC (G) < m). 

1.3. The rational Cherednik algebra. There is a standard way to construct a large number 
of symplectic reflection groups - by creating them out of complex reflection groups. This class of 
symplectic reflection algebras is by far the most important and, thus, have been most intensively 
studied out of all symplectic reflection algebras. So let W be a complex reflection group, acting on 
its reflection representation f). Then W acts diagonally on f) x f)*. The space t) x f)* has a natural 
pairing (•,•): f) x fj* —>• C defined by (y, x) = x(y), and 

w((yi,si), {y2,x 2 )) := {yx,x 2 ) - {y-z,x\) 

defines a VF-equivariant symplectic form on f) x fj*. One can easily check that the set of symplectic 
reflection S in W, consider as a symplectic reflection group (t) x i)*,uj, W), is the same as the set 
of complex reflections S in W, considered as a complex reflection group (W, h). Therefore, W acts 
on the symplectic vector space f) x f)* as a symplectic reflection group if and only if it acts on f) as 
a complex reflection group. 

The rational Cherednik algebra, as introduced by Etingof and Ginzburg [24, page 250], is the 
symplectic reflection algebra associated to the indecomposable triple (f) xf)*, uj, W). In this situation, 
one can simplify a little the defining relation ([!]). For each s £ S, fix a s G fj* to be a basis of the 
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one dimensional space Im(s — 1)|^* and E f) a basis of the one dimensional space Im(s — l)|f,, 
normalized so that a s (a^) = 2. Then the relation ([I]) can be expressed as: 

[xi,x 2 ]=0, [2/1,2/2] =0, [y 1 ,xi] = t(y 1 ,x 1 ) -^2c(s)(y 1 ,a s )(c^,x 1 )s, (2) 

for all xi,X2 G f)* and yi, 2/2 6 fy- Notice that these relations imply that C[h] and C[f)*] are 
polynomial subalgebras of Ht jC (iy). 

Example 1.15. In the previous example we can take W = <5 n , the symmetric group. Choose a basis 
x%, . . . , x n of f)* and dual basis y±, . . . , y n of f) so that 

o-Xi = x CT( j)cr, ayi = y a ^a, V a S 6„. 

Then S = {sij | 1 < i < j < n} is the set of all transpositions in (5 n . This is a single conjugacy 
class, so c G C. Fix 

«ij = - Xj, aYj =Vi-yj, V 1 < i < j < n. 
Then the relations for H tiC (<3 n ) become = [yi,yj] = and 

[Vi, xj] = cs itj , V 1 < i < j < n, 

[yi,Xj] =t - cy^Sjj, Vl<i<n. 

Exercise 1.16. To see why the PBW theorem is quite a subtle statement, consider the algebra 
L c (©2) defined to be 

y, s)/{s 2 = l,sx = -xs, sy = -ys, [y, x] = l,(y- s)x = xy + s). 

Show that L c (6 2 ) = 0. 

1.4. Double Centralizer property. Let e = j^^2 ge Q 9 denote the trivial idempotent in CG. 
The subalgebra eHt jC (G)e C Hi jC (G) is called the spherical subalgebra of Ht jC (G). Being a sub- 
algebra, it inherits a filtration from H( iC (G). It is a consequence of the PBW theorem that 
gr jr (eH t>c (G)e) ~ C[V} G . Thus, the spherical subalgebra of H tiC (G) is a (not necessarily com- 
mutative!) flat deformation of the coordinate ring of V/G - almost exactly what we've been looking 
for! 

The space H ttC (G)e is a (Hi iC (G), eH iiC (G)e)-bimodule, it is called the Etingof-Ginzburg sheaf. 
The following result shows that one can recover Ht iC (G) from knowing eHt iC (G)e and Hj iC (G)e. 

Theorem 1.17. (1) The right eWt,c{G)e-module Ht jC (G)e is reflexive. 

(2) End Htjc(G) (H tjC (G)e)^ ~ eH t , c (G)e. 

(3) End (eHt , c e) p(Hi, c (G)e)^H t , c (G). 

Remark 1.18. What is really meant by (1) is that there is an isomorphism of left eHj )C (G)e- 
modules eHi jC (G) — > Hom eHl c ( G ) e (Ht jC (G)e, eHj )C (G)e) and of right eHt !C (G)e-modules Hi iC (G)e — > 
Hom eH t , c (G)e(eHi iC (G),eH tiC (G)e). 
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The above result is extremely useful because, unlike the spherical subalgebra, we have an explicit 
presentation of H t>c (G). Therefore, we can try to implicitly study eH ic (G)e by studying instead 
the algebra Ht iC (G). 

Corollary 1.19. The algebras H^ C (G ! ) and eHt jC (G)e are Morita equivalent if and only ife-M = 
implies M = for all M G H tiC (G)-mod. 



Proof. Theorem 1.17, together with a basic result in Morita theory e.g. [411 Section 3.5], says 
that the bimodule H tiC (G)e will induce an equivalence of categories e • — : H tiC (G)-mod — > 
eH^ c (G)e-mod if and only if H( iC (G)e is both a generator of the category Hj )C (G)-mod and a pro- 
jective Hi iC (G)-module. Since H t)C (G)e is a direct summand of H tjC (G) it is projective. Therefore 
we just need to show that it generates the category H 4jC (G)-mod. This condition can be expressed 
as saying that 

H t , c (G)e eHt , c (G)e eM ~ M, VMe H t)C (G)-mod. 
Equivalently, we require that H 4iC (G) • e • H tjC (G) = H tiC (G). If this is not the case then 

/:= H t , c (G) • e • H t , c (G) 

is a proper two-sided ideal of H fjC (G). Hence there exists some module M such that I ■ M = 0. But 
this is equivalent to e • M = 0. □ 

The following notion is very important in the study of rational Cherednik algebas at t = 1. 

Definition 1.20. The parameter (t, c) is said to be aspherical for G if there exists a non-zero 
Ht iC (G)-module M such that e • M = 0. 

The value (0,0) is an example of an aspherical value for G. 

1.5. The centre of Ht iC (G). One may think of the parameter t as a "quantum parameter". When 
t = 0, we are in the "quasi- classical situation" and when t = 1 we are in the "quantum situation". 
The following result gives meaning to such a vague statement. It also shows that the symplectic 
reflection algebra produces a genuine commutative deformation of the space V/G when t = 0. 

Theorem 1.21. (1) If t = then the spherical subalgebra eH( iC (G)e is commutative. 
(2) Ift^O then the centre o/eH t , c (G)e is C. 



One can now use the double centralizer property, Theorem 1.17, to lift Theorem 1.21 to a result 
about the centre of Ht )C (G). 

Theorem 1.22 (The Satake isomorphism). The map z \-t z ■ e defines an algebra isomorphism 
Z(Ht >c (G)) — > Z(eHi iC (G)e) for all parameters (t,c). 

Proof. Clearly z t— > z-e is amorphism Z(H^ C (G)) —> Z(eHj )C (G)e). Right multiplication on Hf iC (G)- 
e by an element a in Z(eh\t jC (G)e) defines a right eH^ c (G)e-linear endomorphism of Ht )C {G) ■ e. 



Therefore Theorem 1.17 says that there exists some £(a) E H^ C (G) such that right multiplication 
by a equals left multiplication on Ht jC (G) • e by C( a )- The action of a on the right commutes 
with left multiplication by any element of Ht iC (G) hence £(a) G Z(Ht C (G)). The homomorphism 
£ : Z(eHt jC (G)e) -4 Z(H^ C (G)) is the inverse to the Satake isomorphism. □ 



When t = 0, the Satake isomorphism becomes an isomorphism Z(Ho jC (G')) -^->- eHo, c (G')e, and 



is in fact an isomorphism of Poisson algebras. Theorems 1.21 and 1.22 also imply that Ho jC (G0 is 
a finite module over its centre. As one might guess, the behavior of symplectic reflection algebras 
is very different depending on whether t = or 1. It is also a very interesting problem to try and 
relate the representation theory of the algebras Ho ) c(C) and Hi jC (G) in some meaningful way. 

1.6. The Dunkl embedding. In this section, which is designed to be an exercise for the reader, 
we show how one can use the Dunkl embedding to give easy proofs of many of the important 
theorems described in the lecture. In particular, one can give elementary proofs of both the PBW 
theorem and of the fact that the spherical subalgebra is commutative when t = 0. Therefore, we 
let (W, h) be a complex reflection group and Hf iC (W) the associated rational Cherednik algebra. 
Let 2)f(fj) be the algebra generated by f) and f)*, satisfying the relations 

[x,x'] = [y,y'] = 0, V x,x' € J)*, y,y' € f) 

and 

[y,x] = t(y,x), V x e fj*, yet). 

When t 7^ 0, 2)t(h) is isomorphic to D(b), the ring of differential operators on f). But when t = 0, 
the algebra 2)t(f)) = C[fj x h*] is commutative. Let f) reg be the affine open subset of f) on which W 
acts freely. We can localize T> t (t)) to D t (f) reg ). For each s S S define A s G C x by s(a s ) = X s a s . For 
each y 6 f), the Dunkl operator 

^ = y -2-l-A s a s (1 " S) 
is an element in D t (f) re g) x W since ot s is invertible on fjreg- 

Exercise 1.23. (1) Show that the Dunkl operators act on C[h]. Hint: it's strongly recommended 
that you do the example W = Z2 first, where 



D y = y--(1 

x 



(2) Using the fact that 



s(x) = x- -X s )a s , Vxeh* 



show that x 1— > x, w 1— > w and y h-> D y defines a morphism Ht )C (W) — > Dt(f) reg ) x VF i.e. 
show that the commutation relation 

[D y , x] = t(y, x) - c ( s )(y> a s )(c^,x)s 
ses 

holds for all x £ f)* and y G f). Hint: as above, try the case Z2 first. 

Now we have everything needed to prove a version PBW theorem for rational Cherednik algebras. 
The algebra Dt(f)reg) x W has a natural filtration given by putting C[f) rcg ] x W in degree zero and 
f) in degree one. Similarly, we define a filtration on the rational Cherednik algebra by putting the 
generators h* and W in degree zero and f) in degree one. 



Exercise 1.24. Show that the Dunkl embedding is indeed an embedding and that it is compatible 
with the nitrations on both algebras. Using the fact that the PBW theorem holds for Dt(f) rcg ) x W, 
show that the PBW theorem holds for H^ C (W). Conclude that C[f)] is a faithful Ht iC (W)-module. 

The fact that eHt jC (G)e is commutative when t = for an arbitrary symplectic reflection group 
relies on a very clever but difficult argument by Etingof and Ginzburg. However, for rational 
Cherednik algebras we have: 

Exercise 1.25. By considering its image under the Dunkl embedding, show that the spherical 
subalgebra eHi jC (PU)e is commutative when t = 0. 

Recall that a function / e C[f)] is a W-semi- invariant if, for each w S W, w ■ f = a w f for some 
a w G C. 

Exercise 1.26. Show that the element 5 := rises as ^ ^[b] is a W-semi- invariant. Therefore, there 
exists some r such that 5 r G Cff)] 1 ^. Show that, after localizing at 5, the Dunkl embedding becomes 
an isomorphism 

Ht.cWir 1 ] ^ Dt(breg) X W. 

Exercise 1.27. (Harder) The ring T)(t) ie g) w is simple. Using this fact, together with the fact that 
eHi iC (W)e is an integral domain (why?), show that the centre of eHi iC (W)e equals C. 

The following fact is also very useful when studying rational Cherednik algebras at t = 0. 

Exercise 1.28. (1) Assume now that W is a finite Coxeter group. Then there exists a W- 
equivariant inner product (— , — ) on f). Show that the rule x >->■ x = (x,—), y t-} y = (y,—) 
and w i — y w defines an automorphism of Hi jC (W), swapping C[h] and C[f)*]. 
(2) Show that C[t)] w and C[t)*] w are central subalgebras of H 0)C (W) (hint: first use the Dunkl 
embedding to show that Cff)] 1 ^ is central, then use the automorphism defined in (7)). 

1.7. Additional remark. 

• In his origin paper, [T3], Chevalley showed that if (W, fj) is a complex reflection group then 
Cff)] 1 ^ is a polynomial ring. The converse was shown by Shephard and Todd in [37]. , also 
books on reflection groups. 

• The definition of symplectic reflection algebras first appear in 



• The PBW theorem, Theorem 1.13, and its proof are Theorem 1.3 of 

• Theorems 1.17 and 1.22 are also contained in [25J, as Theorem 1.5 and Theorem 3.1 respec- 
tively. 



The first part of Theorem 1.21 is due to Etingof and Ginzburg, \2A\ Theorem 1.6]. The 
second part is due to Brown and Gordon, [12} Proposition 7.2]. Both proof rely in a crucial 
way on the Poisson structure of CfU] 1 ^. 
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2. Rational Cherednik algebras at t = 1 

For the remainder of lectures 2 to 4, we will only consider t = 1 and omit it from the notation. 
We will also only be considering rational Cherednik algebras because relatively little is know about 
general symplectic reflection algebras at t = 1. Therefore, we let (W, h) be a complex reflection 
group and H C (VF) the associated rational Cherednik algebra. 

As noted in the previous lecture, the centre of H C (M^) equals C. Therefore, its behavior is very 
different from the case t = 0. If we take c = then Ho(VF) = D(f)) * W an d the category of 
modules for 23(f)) x W is precisely the category of VF-equivariant D-modules on t). In particular, 
there are no finite dimensional representations of this algebra. In general, the algebra H C (VF) has 
very few finite dimensional representations. 

2.1. Recall that the PBW theorem for rational Cherednik algebras implies that, as a vector space, 
H C (VF) ~ C[f)] © CW © C[f)*]. This is an example of a triangular decomposition, just like the 
triangular decomposition U(g) = U(ri-) ® U(t)) ® U(n + ) encountered in Lie theory, where g is a 
finite dimensional, semi-simple Lie algebra over C, g = n_ © () © n+ is a decomposition into a 
Cartan subalgebra f), nilpotent radical n+ of the Borel b = () © n+, and the opposite n_ of the 
nilpotent radical n+ . This suggests that it might be fruitful to try and mimic some of the common 
constructions in Lie theory. In the representation theory of g, one of the categories of modules 
most intensely studied, and best understood, is category O, the abelian category generated by all 
highest weight module. Therefore, it is natural to try and study an analogue of category O for 
rational Cherednik algebras. This is what we will do in this lecture. 

2.2. Category O. Let H c (M^)-mod be the category of all finitely generated H c (W)-modules. It is 
a hopeless task to try and understand in any detail the whole category H c (W A )-mod. Therefore, one 
would like to try and understand certain interesting, but manageable, subcategories. The PBW 
theorem suggests the following very natural definition. 

Definition 2.1. Category O is defined to be the fulj^] subcategory of H c (W)-mod consisting of all 
modules M such that the action of f) C C[f)*] is locally nilpotent. 

Remark 2.2. (1) A module M is said to be locally nilpotent for f) if, for each m G M there 
exists some N 3> such that fy N ■ m = 0. 
(2) Each module in category O is finitely generated as a C[f)]-module. 

We will give the proofs of the fundamental properties of category O, since they do not require 
any sophisticated machinery. However, this does make the lecture rather formal, so we first outline 
they key features of category O so that the reader can get their bearings. Recall that an abelian 
category is called finite length if every object satisfies the ascending chain condition and descending 
chain condition on subobjects. It is Krull-Schmit if every module has a unique decomposition (up 
to permuting summands) into a direct sum of indecomposable modules. 

3 Recall that a subcategory B of a category A is called full if Homg(M, N) = Hom^(A/, N) for all M,N G ObjZ3. 
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• There are only finitely many simple modules in category O. 

• Category O is a finite length, Krull-Schmit category. 

• Every simple module admits a projective cover, hence category O contains enough projec- 
tives. 

• Category O contains "standard modules" , making it a highest weight category. 

2.3. Standard objects. One can use induction to construct certain "standard objects" in category 
O. The skew-group ring C[f)*] x W is a subalgebra of H c (H /r ). Therefore, we can induce to 
category O those representations of C[f)*] x W that are locally nilpotent for rj. Let m = C[f)*]+ 
be the augmentation ideal. Then, for A G Irr(VF) and r G N, define the C[f)*] x W- module 
A r := C[f)*]/m r <8> A, where C[f)*] acts only on C[rj*]/m r and W acts diagonally. We set 



a module in category O (check this!). The module A(A) := Ai(A) is called a standard module (or, 
often, a Verma module) of category O. 

Example 2.3. For our favorite example, Z2 acting on f) = C • y and h* = C • x, we have Irr(Z2) = 
{po,pi}, where po is the trivial representation and p\ is the sign representation. Then, 

A(po) = C[x]® Po , A(p 1 )=C[x]®p 1 . 

The subalgebra C[x] x Z2 acts in the obvious way. The action of y is given as follows 

y • f(x) ® Pi = [y, f(x)] ® pi + f(x) (8) ypi = [y, f(x)] ® pi, i = 0, 1. 

Here [y,f(x)] G C[x] x Z2 is calculated in H C (Z2). 

2.4. The Euler element. Let x±, . . . , x n be a basis of f)* and y±, . . . , y n G f) the dual basis. Define 
the Euler element in H C (VF) to be 



where ( s is the non-trivial eigenvalue of s acting on t) i.e. s ■ = ( s a^ . The relevance of the 
element eu is given by: 

Exercise 2.4. Show that [eu, x] = x, [eu, y] = —y and [eu, w] = for all x G ()*, y G I) and u> G W. 

Therefore eu defines a Z-grading on H c (H /r ), where deg(x) = 1, deg(y) = —1 and deg(w) = 0. 
The sum — X^seS l-Cs s belongs to Z(W), the centre of the group algebra. Therefore, if A is an 
irreducible VF-module, this central element will act by a scalar on A. This scalar will be denoted 
ca- 

Lemma 2.5. Each M G O is the direct sum of its generalized eu-eigenspaces 



A r (A) = H C (W) % ])(H rX 




M = 0M ( 



aeC 



and dimM a < 00 for all a G C. 



11 



Proof. Since M is in category O, we can choose some finite dimensional C[Fj*] x PU-submodule M' 
of M that generates M as a H c (TU)-module. Since M' is finite dimensional, there exists some r 3> 
such that f) r • M' = 0. Thus we may find Ai, . . . , G Irr(W) such that the sequence 

k 

0A r (Ai)^M^O 

8=1 

is exact. One can check directly that each A r (Aj) is a direct sum of its generalized eu-eigenspaces, 
with each eigenspace finite dimensional. This implies that M has this property too. □ 

Exercise 2.6. (1) Give an example of a module M G H c (lU)-mod that is not the direct sum of 
its generalized eu-eigenspaces. 
(2) Using eu, show that every finite dimensional H c (TU)-module is in category O (hint: how 
does y G f) act on a generalized eigenspace for eu?). 

2.5. Characters. Using the Euler operator eu we can define the character of a module M G O by 

ch(M) = ^(dimM a )t a . 

aeC 

The Euler element acts via the scaler on 1 ® A C A (A). This implies that 

dim(A)t CA 



ch(A(A)) 



(i-ty 



2.20 



Exercise 2.7. Show that ch(M) G (BaeC ^ a ^[M] f° r au M GO. (Harder) As shown in exercise 
below, the standard modules A(A) are a Z-basis of the Grothendieck group Kq{0). Using this fact 
show that 



ch (M) = j—^ ■ f(t) 



where f(t) £ Z[x a \ a G C], the group ring of the additive group (C, +). 

The above exercise shows that M \— > (1 — t) n ■ ch(M) is a morphism of abelian groups Kq{0) — > 
Z[(C, +)]. It is not in general an embedding. 

2.6. Simple modules. The basic problems motivating research in the theory of rational Cherednik 
algebras are: 

(1) Classify the simple modules in O. 

(2) Calculate ch(L) for all simple modules L £ O. 

The first problem is easy, but the second is very difficult (and still open in general). 

Lemma 2.8. Let M be a non-zero module in category O. Then, there exists some A G Irr(W) and 
non-zero homomorphism A(A) —> M. 

Proof. Note that the real part of the weights of M are bounded from below i.e. there exists some 
K G R such that M a ^ implies Re(a) > K. Therefore we may choose some a G C such that 
M a ^ and Mb = for all b G C such that a — b G M>o- An element m G M is said to be singular 
if fj • m = i.e. it is annihilated by all y's. Our assumption implies that all elements in M a are 
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singular. If A occurs in M a with non-zero multiplicity then there is a well defined homomorphism 
A(A) — > M, whose restriction to 1 A injects into M a . □ 



Lemma 2.9. Each standard module A(A) has a simple head L(X) and the set 

{L(X) | A G Itt(W)} 
is a complete set of non-isomorphic simple modules of category O. 

Proof. Let R be the sum of all proper submodules of A(A). It suffices to show that R ^ A(A). The 
weight subspace A(A) CA = 1 <8> A is irreducible as a ^-module and generates A(A). If i? CA ^ then 
there exists some proper submodule N of A(A) such that N Cx ^ 0. But then ./V = A(A). Thus, 
R Cx = 0, implying that R is a proper submodule of A(A). Now let L be a simple module in category 



O. By Lemma 2.8, there exists a non-zero homomorphism A(A) — > L for some A G Irr(iy). Hence 
L ~ L(X). The fact that L(X) ~ L( P ) implies A ~ [i follows from the fact that L S i ng , the space of 
singular vectors in L, is irreducible as a W-module. □ 

Example 2.10. Let's consider H C (Z2) at c = Then, one can check that 

A(pi) = C[x] ® Pl ^> Lfa) = (C[x] ® Pl )/(x 3 C[x] Pl ). 

On the other hand, A(po) = L(po) is simple. The composition series of A(pi) is ^f 1 . 

L{Po) 

Corollary 2.11. Every module in category O has finite length. 

Proof. Let M be a non-zero object of category O. Choose some real number K 3> such that 
Re(c,\) < K for all A 6 Irr(VK). We write M- K for the sum of all weight spaces M a such that 



Re(a) < K. It is a finite dimensional subspace. Lemma 2.8 implies that N— ^ for all non-zero 
submodules N of M. Therefore, if Nq ^ N\ D N2 2 " " " i s a proper descending chain of submodule 
of M then D Nf A 2 iV 2 -" D • • • is a proper descending chain of subspaces of M- K . Hence 

the chain must have finite length. □ 

2.7. Projective modules. A module P £ O is said to be projective if the functor Hom Hc ( W /)(P, — ) : 
O -> Vect(C) is exact. 

Definition 2.12. An object Q in O is said to have a A-filtration if it has a finite filtration 
= Qo C Q\ C • • • C Q r = Q such that Qi/Qi-i ~ A(Aj) for some Xi G Irr(VF) and all 1 < i < r. 

The following theorem, first shown in [33J, is of key importance in the study of category O. We 
follow the proof given in [1] . 

Theorem 2.13. Every simple module L(X) in category O has a projective cover P(X). Moreover, 
each P(X) has a finite A-filtration. 

For a G C we denote by a its image in C/Z. We write O a for the full subcategory of O consisting 
of all M such that M b = for all b £ a + Z. 
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Exercise 2.14. Using the fact that all weights of H C (VF) for the adjoint action of eu are in Z, show 
that 

o= o~ a . 

aSC/Z 



Proof of Theorem 2.13. The above exercise shows that it suffices to construct a projective cover 
P (A) for L(X) in O a . Fix a representative o £ C of o. For each k G Z, let denote the full 
subcategory of O a consisting of modules M such that M& 7^ implies that b — a £ Z>^. Then, for 
fc > 0, we have 0- k = and for k -C we have = O a . Our proof will be by induction on k. 
Namely, for each k and all A G Irr(W) such that L(X) G 0- fc , we will construct a projective cover 
Pfc(A) of L(A) in 0^ k such that P fc (A) is a quotient of an object of equipped with a A-filtration. 
Let ko be the largest integer such that 0- k ° 7^ 0. 

Exercise 2.15. Show that 0- k ° is semi-simple with Pfc (A) = A(A) = £(A) for all A such that 
L(A) G 

We assume that we have constructed, for all L(X) G 0- k+1 , a projective cover Pfc + i(A) of £(A) in 
0- k+l with the desired properties. If Q- k+1 = 0- k then there is nothing to do so we may assume 
that there exist m, . . . ,fx r G Itt(W) such that L(/jh) G 0- k \0- k+l . Note that = a + k for all 
i. For all M G 0- k , either M a+ k = (in which case M G 0- k+1 ) or M a+ f c consists of singular 
vectors i.e. f) • M a+ k = 0. Therefore we have Pk{^i) = A(/ij) for 1 < i < r. Thus, we are left with 
constructing Pfe(A) for all those A such that L(A) G 0- fe+1 . 

Claim 2.16. There exists some integer A r 3> such that (eu — c^)^ ■ m = for all M G and 
all m G M CA . 

Proof of the claim. Since dim(M a+ fc) < 00 there exist n« G N and a morphism 

r 

0:0A( Mi ) ffini ^M 

such that the cokernel M' of oi> is in 

>k+i_ Therefore we may construct a surjection 

^:0P fc+ i(r?) s " -M' 
'/ 

where the sum is over all rj G Irr(W^) such that L(i]) G 0- k+1 . The induction hypothesis guarantees 
that each Qk + i{j]) has a A-filtration. This implies that there is some TV 3> such that (eu-c^)^ 1 • 
q = for all g G Q/ c +i( 7 ?)c A - Therefore (eu — c^)^ -1 • m lies in the image of 4> for all m G M Cx and 
hence (eu — c^)^ • m = 0. □ 

Now choose some integer r 3> (ti + /c) — c\ and define 

D/n = ^) 

i; H c (W0-(eu-c A )*(l®l®A)" 

Then Hom|_| c (vi/)(-R(A), — ) is exact on 0- k . It is non-zero because it surjects onto A(A). The only 
problem is that it does not belong to 0- k . So we let R{X) be the H c (VK)-submodule generated by 
all weight spaces R{\)b with b — a ^ Z>^. Then Pt{X) := R(X)/R(X). By construction, it belongs 
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to 0- k and if / : R(X) ->• M is any morphism with M G 0- k then E(A) C Ker/. Therefore it is 
the projective cover of L(X) in 0- k . We have constructed Pfc(A) as a quotient of A r (A), an object 
equipped with a A-filtration. 

The only thing left to show is that if k <C such that 0- k = O a then Pfc(A) has a A-filtration. 
By construction, it is a quotient of an object M G O that is equipped with a A-filtration. But our 
assumption on k means that Pk(X) is projective in O. Thus, it is a direct summand of M. Therefore, 
it suffices to note that if M = M\ ©M2 is an object of O equipped with a A-filtration, then each Mj 
also has a A-filtration (this follows from the fact that the modules A(A) are indecomposable) . □ 

In general, it is very difficult to explicitly construct the projective covers P(X). The object 
P = ©Aeirr(VK) -f(A) is a projective generator of O. Therefore, we have an equivalence of abelian 
categories 

O ~ A-mod, 

where A = Endn c (vK) * s a finite dimensional algebra. 

2.8. Highest weight categories. Just as for category O of a semi-simple Lie algebra q over C, 
the existence of standard modules in category O implies that this category has a lot of additional 
structure. In particular, it is an example of a highest weight (or quasi-hereditary) category. The 
abstract notion of a highest weight category was introduced in [15] . 

Definition 2.17. Let A be an abelian, C-linear and finite length category, and A a poset. We say 
that (A, A) is a highest weight category if 

(1) There is a complete set {L(X) \ X G A} of non-isomorphic simple objects labeled by A. 

(2) There is a collection of standard objects {A(A) | A G A} of A, with surjections <p\ : A(A) -» 
L(A) such that all composition factors L(/j.) of Ker satisfy fi < X. 

(3) Each L(X) has a projective cover P(X) in A and the projective cover P(X) admits a A- 
filtration = F P(X) C FiP(A) D • • • D F m P(X) = P(X) such that 

• F m P(X)/F m ^P(X) ~ A(A). 

• For < i < m, F,P(A)/Fj_iP(A) ~ A(/x) for some /x > A. 
Define a partial ordering on Irr(P^) by setting 

A < c A* <s =^ > - c A G Z> . 

Lemma 2.18. Ze^ A,/i G Irr(W) such that X ^ c /j. JTien Ext, l Hc(vl/) (A(A), A(/i)) = 0. 

Proof. Assume that we are given a short exact sequence 

-> A(/x) -»• M -»• A(A) -> 

for some M G H c (iy)-mod. Then M G O. Take 0/n£ A(A) CA = 1 ® A and m G M CA that maps 
onto v. Since A ^ c /i, there is no a G C such that a — c\ G Z>o and M a / 0. Hence f) • m = 0. This 
implies that the above sequence splits. □ 

Theorem 2.19. Category O is a highest weight category under the ordering < c . 
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Proof. The only thing left to check is that we can choose a A-filtration on the projective covers 
-P(A) such that the conditions of Definition 2.17 (3) are satisfied. By Theorem 2.13, we can always 
choose some A-filtration = F C F t C • • • C F m = P(A)0 with Fi/F^i ~ A(/tj). Since P(X) 
surjects onto L(X), we must have /t m = A. I claim that one can always choose the /tj such that 
Mi — c Mi+i f° r all < f < m. The proof is by induction on i. But first we remark that the fact 
that -P(A) is indecomposable implies that all //j are comparable under < c . Assume that Lij > c fJ-j+i 
for all j < i. If /ij < c jUi+i then it suffices to show that there is another A-filtration of P(X) with 
composition factors f/fj such that [)!■ = /tj for all j ^ i, i + 1 and = /4 +1 = /tj. We have 

-> F< -> F i+1 ->• A(^+i) -> 

which quotienting out by gives 

-> A(A*i) -> Fi+i/Fi-i -> A(/i i+ i) 0. 



Lemma 2.18 implies that the above sequence splits. Hence Fi+\/Fi-\ ~ A(/tj) © A(/ij + i). Thus, 
we may choose C C F» such that F[jFi-\ ~ A(/ij + i) and Fi + i/F[ ~ A(/tj) as required. 
Hence the claim is proved. This means that n m —i >c A. If /i m _i — c A then Lemma |2.18| implies 
that P(X) / F m -2 — A(/z m -i) © A(A) and hence the head of P(X) is not simple. This contradicts 
the fact that P(X) is a projective cover. □ 

Exercise 2.20. Using the fact that O is a highest weight category, show that the standard modules 
A(A) are a Z-basis of the Grothendieck group Kq(0). 



A corollary of Theorem 2.19 is that Bernstein-Gelfand-Gelfand (BGG) reciprocity holds in cat- 
egory O. 

Corollary 2.21 (BGG-reciprocity). For A, /t e IrrVF, 

(P(A) : A(/x)) = [A(/t) : L(X)]. 
Corollary 2.22. The global dimension of O is finite. 



Exercise 2.23. (Harder) Prove Corollary 2.22 (hint: first prove by induction that p.d.(A(A)) < oo 
for all A, then apply a similar inductive argument to show that p.d.(L(A)) < oo). 

Corollary 2.24. Category O is semi- simple if and only if A(A) = L{X) for all X € Irr(W). 

Proof. Since A(A) is indecomposable and L(X) a quotient of A(A), it is clear that O semi-simple 
implies that A(A) = L(X) for all A G lrr(W). Conversely, BGG reciprocity implies that P(X) = L(X) 
for all A which implies that O is semi-simple. □ 

Exercise 2.25. Show that if c\ — ^ Z>o for all A ^ fx G Irr(PU) then category O is semi-simple. 
Conclude that O is semi-simple for generic parameters c. 

2.9. Category O for Z2. The idea of this section, which consists mainly of exercises, is simply 
to try and better understand category O when W = Recall that, in this case, W = (s) with 
s 2 = 1 and the defining relations for H C (Z2) are sx = —xs, sy = —ys and 

[y, x] = 1 — 2cs. 
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Exercise 2.26. (1) For each c, describe the simple modules L(X) as quotients of A(A). For 
which values of c is category O semi-simple? 
(2) For each c, describe the partial ordering on Irr(W) coming from the highest weight structure 
on O. 

In this case, one can also describe explicitly what the projective covers of the simple modules 
are, though this is a tricky calculation. 

Exercise 2.27. (Harder) Calculate the projective covers P(X) (hint: Use BGG reciprocity to calcu- 
late the rank of P(X) as a (free) C[x]-module). 

Recall that a finite dimensional C-algebra A is said to be basic if the dimension of all simple 
yl-modules is one. Every basic algebra can be described as a quiver with relations. One way to 
reconstruct A from 74-mod is via the isomorphism 

A = End A I P(X) J , 

\AeIrr(A) / 

where Irr(^4) is the set of isomorphism classes of simple A-modules and P (A) is the projective cover 
of A. 

Exercise 2.28. Construct a basic A in terms of a quiver with relations such that ^4-mod ~ O. Hint: 
use BGG-reciprocity to calculate the dimension of A. 

Assume now that W is any complex reflection group. Recall that c is said to be aspherical if 
there exists some non-zero M G H c (VF)-mod such that e • M = 0. As in Lie theory, we have a 
"Generalized Duflo Theorem": 

Theorem 2.29. Let J be a primitive ideal in H C (W). Then there exists some X E Irr(W) such 
that 

J = Ann Hc (H/)(L(A)). 

Exercise 2.30. (1) Using the Generalized Duflo Theorem, and arguments as in the proof of 
Corollary 1.17 of lecture one, show that c is aspherical if and only if there exists a simple 
module L(X) in category O such that e • L(X) = 0. 
(2) Calculate the aspherical values for W = %2- 

2.10. Additional remark. 

• The results of this lecture all come from (at least) one of the papers [21] , [33] or [27] . 



• Theorem 2.19 is shown in |27|. 



• The fact that BGG reciprocity, Corollary 2.21, follows from Theorem 2.19 is shown in |27| 
Proposition 3.3]. 

• The definition given in |15t Definition 3.1] is dual to the one give in Definition 2.17 It is 
also given in much greater generality. 



The generalized Duflo theorem, Theorem 2.29 is given in [26 
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3. The symmetric group 



In this lecture we concentrate on category O for W = & n , the symmetric group. The reason for 
this is that category O is much better understood for this group than for other complex reflection 
groups, though there are still several open problems. For instance, it is known for which parameters 
c the algebra H c (6 n ) admits finite dimensional representations, and for any such parameter, exactly 
how many non-isomorphic simple modules there are, see [6] - it turns out that H c (6 n ) admits at 
most one finite dimensional, simple module. In fact, we now have a good understanding, [55], of 
the "size" (i.e. Gelfand-Kirillov dimension) of all simple modules in category O. 

But, in this lecture, we will concentrate on the main problem mentioned in lecture two, that of 
calculating the multiplicities of simple modules in composition series for standard modules. For 
the symmetric group, we now also have a complete answer to this question: the multiplicities 
are given by evaluating at one the transition matricies between standard and canonical basis of a 
certain Fock space. The proof of this remarkable fact involves the work of several people, namely 
Rouquier, Varagnolo-Vasserot and Leclerc-Thibon. It relies upon making links between category 
0, i^-Schur algebras and quantum affine algebras. As a consequence, it is possible, in theory, to 
calculate the character of the simple modules L(X) in category O. 

3.1. The rational Cherednik algebra associated to the symmetric group. Recall from 



example 1.15 that the rational Cherednik algebra associated to the symmetric group & n is the 

T{C 2n ) x& n = C{x 1 ,...,x n ,y 1 ,...,y n ) x & n 



quotient of 
by the relations 



and 



[xi,Xj}=0, [yi,yj] = 0, 
[yi,Xj] = csij, Vi^j, 

[yi,Xi] = 1 - c^Jsy. 



In this case, the Euler element ia^] 

1 n n 

eu = - 2^ Xiyi + yiXi = 2^ XiVi + n ~ o 2^ 



i=l i=l l<«7^i<™ 

3.2. Representations of & n . It is a classical result, going back to Schur, that the irreducible 
representations of the symmetric group over C are naturally labeled by partitions of n. Therefore, 
we can (and will) identify Irr((3 n ) with V n , the set of all partitions of n and denote by A both a 
partition of n and the corresponding representation of & n . For more on the construction of the 
representations of & n , see [25] . 

Example 3.1. The partition (n) labels the trivial representation and (l n ) labels the sign repre- 
sentation. The reflection representation (j is labeled by (n — 1,1). More generally, each of the 



4 The Euler element denned here differs from the one in section 
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2.4 



by a constant. 



representations /\ l f) is an irreducible S n -module and is labeled by (n — i, Note that the trivial 
representation is /\° f) and the sign representation is just /\ n ~ f). 

Associated to partitions is a wealth of beautiful combinatorics. We'll need to borrow a little of 
this combinatorics. Let A = (Ax, . . . , A&) be a partition. Associated to A is the partition statistic, 
which is defined to be 

k 

n(A) := £(*-l)A<. 

i=i 

We visualize A as a certain array of boxes, called a Young tableau, as in the exampkfj A = (4, 3, 1): 



1 








2 





1 







h- 1 


2 






To be precise, the Young diagram of A is Y(X) := G Z 2 | 1 < j < k, 1 < i < Xj} C Z 2 . The 

content of the box (i, j) is cont(i, j) := i — j. A removable box is a box of the boundary of A which 
can be removed, leaving a partition of |A| — 1. An indent box is a concave corner on the rim of 
A where a box can be added, giving a partition of |A| + 1. For instance, A = (4,3, 1) has three 
removable boxes (with content 2, —1 and —3), and four indent boxes (with content 3, 1, —2 and —4). 



There is a natural partial ordering on V n , the set of all partitions of n, which is the dominance 
ordering and is defined by A < [i if and only if 

Ai H 1- Xk < m H V Hk, V k. 

Finally, we require the notion of r-rim-hooks and r-cores. An r-rim-hook of A is a connected skew 
partition A\/i of length r that does not contain the subpartition (2, 2) i.e. it is a segment of length 
r of the edge of A. For example, {(2, 2), (3, 2), (3, 1), (4, 1)} is a 4-rim-hook of (4, 3, 1). The r-core 
of A is the partition fi C A obtained by removing, one after another, all possible r-rim-hooks of 
A. It is known that the r-core is independent of the order in which the hooks are removed. For 
example, the 3-core of (4, 3, 1) is (2). 

Exercise 3.2. Write a program that calculates the r-core of a partition. 

3.3. Recall that the Euler element eu acts on the space 1 (8> A C A(A) by a scalar, denoted c^. 

Lemma 3.3. For each Ahn and c G C, 

c A = ! + c(n(A)-n(A')). (3) 

Proof. The Jucys-Murphy elements in C[S n ] are defined to be 0j = Ylj<i s iji for all i = 2, . . . , n 
so that 

n n 

eu = ^ XiVi + - - c ^2 

i=l i=2 



^The numbers in the boxes are the residues of A modulo 3, see section 
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3.7 



Let a be a standard tableau of shape A and v a the corresponding vector in xx- Then 

0j • v a = ct a (i)v a , 

where c a (i) is the column of A containing i, r a (i) is the row of A containing i and cto-(i) : = 
Co-(*) — i" a (i) is the content of the node containing i. Note that ct CT (l) = for all standard tableaux 
a. Therefore 

eu • v a = ^ - c ct (J (i)^ v„, 

and hence 

n n 

n \ -> n \ - 

CA = 2 ~ C ^ Cta ^ = 2 ~ C 2-" Ct<7 ^' 

i=2 i=l 

Now X^ l =i r o-(^) = X]j=iO ~~ = n (^) an< ^ similarly X^Li Co- CO = ra(A'). This implies equation 
(§• □ 

3.4. The z^-Schur algebra. Recall that the category C n of finite-dimensional representations of 
g[„, or equivalently of its enveloping algebra U(gl n ), is semi-simple. The simple modules in this 
category are L\ where A 6 Z n such that Aj — Aj+i > for all 1 < i < n — 1. The set V(n) of all 
partitions with length at most n is a subset of this set. Let V denote the vectorial representation 
of gl n . For each d > 1 there is an action of g[ n on V® d . The symmetric group also acts on V® d on 
the right by 

(vi (8) • • • (8) Vd) ■ a = ® • • • ® u<T-i(d), , V a G ©ti- 

lt is known that these two actions commute. Thus, we have homomorphisms (fid '■ W(fll n ) — > 
End C6d (F® d ) and ^ : C6 d -> End M(flIn) (y® d ) < *. Schur-Weyl duality says that 

Proposition 3.4. T/ie homomorphisms (fid and ifid are surjective for all d> 1. 

Let S(n, d) be the image of (fid- It is called the Schur algebra. We denote by C n (d) the full 
subcategory of C n consisting of all modules whose composition factors are of the form L\ for 
A € Vd(ri), where Vd{n) is the set of all partitions of d that belong to V(n). It is easy to check that 
\y®d . £ A ] ^ o if and only if A G Vd(n). Moreover, it is known that C n (d) ~ S(n,d)-mod. 

The above construction can be quantized. Let v £ C x . Then, the quantized enveloping algebra 
U u (gi n ) is a deformation of U(gl n ). The quantum enveloping algebra U u (gl n ) still acts on V. The 
group algebra C<3 n also has a natural deformation, the Hecke algebra of type A, denoted H u (d). 
This algebra is described in example |4.3| As one might expect, it is also possible to deform the 
action of C&d on V® d to an action of Ti u (d) in such a way that this action commutes with the 
action of U u (gl n ). The quantum analogue of Schur-Weyl duality, see [20J, says 

Proposition 3.5. We have surjective homomorphisms 

<fid-U u {Q\ n )^^d H „ {d) (V® d ) and i> d :H l ,(d)^End Uv{sln) (V® d yP 

for all d> 1. 
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The image of <ftd in End^w^y® ) is the v-Schur algebra, denoted S v {n,d). The category C n>1/ 
of finite-dimensional representations of U u (Ql n ) is no longer semi-simple in general. However, the 
simple modules in this category are still labeled L\ for A € Z n such that Aj — Aj+i > for all 
1 < % < n — 1. Moreover, if we let C UjU (d) denote the full subcategory of C n>v consisting of all 
modules whose composition factors are L\ for A £ Vd(n) then we again have C nji , = S^(n, d)-mod. 
It is known that S u (n, (f)-mod is a highest weight category with standard modules W\. 

3.5. Rouquier's equivalence. In order to calculate the multiplcities 

m A , M = [A(A) : L( M )] 

one has to make a long chain of connections and reformulations of the question and the end answer 
relies on several remarkable results. The first of these is Rouquier's equivalence. 

Theorem 3.6. Assum^j that c £ Q>o does not lie in | + Z and set v = exp(27r\/^Tc). Then there 
is an equivalence of highest weight categories 

^ : O ^ Si/(n)-mod, 

such that *(A(A)) = W\ and V(L(\)) = L\. 

It is conjectured that the restriction c £" I + Z is not required. For simplicity, we will ignore this 
restriction and assume that Rouquier's Theorem holds for all c £ Q>o- Thus, to calculate m\„ it 
suffices to try and describe the numbers [W\ : L^\ . 

3.6. The quantum affine enveloping algebra. Let q be an indeterminate and let I be the set 

{1, . . . , r}. We now we turn our attention to another quantized enveloping algebra, this time of an 
affine Lie algebra. The quantum affine enveloping algebra U q (sl r ) is the Q(g)-algebra generated by 
Ei,F{, K^ 1 for i £ I and satisfying the relations 

K % K~ X = K^Ki = 1, KiKj = KjKi, V 1 < i, j < r 

K.I- j q" I- jK,. h i I; q " /•• A';. V 1 < i,j < r (4) 

[Ei, Fj] = S id Ki ~\ , V 1 < i , j < r 
q — q 

and the quantum Serre relations 

£j%-(9 + 9lWi + %^ = 0, Vl<i<r (5) 

FfFi±i -{q + q~ l )FiF i±1 Fi + F l±1 F? = 0, V 1 < i < r (6) 

where the indicies in ^ and ^ are taken modulo r so that = r and r + 1 = 1. In Q, a^j = 2, 
a i,i±i = — 1 and otherwise. In the case r = 2, we take Ojj = —2 if i 7^ j. 

3.7. The g-deformed Fock space. Let F q be the level one Fock space for U q {s{ r ). It is a Q(q)- 
vector space with standard basis {|A)}, labeled by all partitions. The action of U q (si r ) on F q is 
combinatorially defined. If 7 is a box of the Young tableaux corresponding to the partition A then 

^Note that Rouquier's rational Cherednik algebra is parameterized by h = c. 
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Nodes to the left of 7 



Nodes to the right of 7 



Figure 2. Nodes to the left and right of 7. The total partition is /x, whist the green 
shaded subpartition is A. 



we say that the residue of 7 is i, or we say that 7 is an i-box of A, if the content of 7 equals i 
modulo r. Let A and [i be two partitions such that /i is obtained from A by adding a box 7 with 
residue i; see figure [317} We define 



iVj(A) = I {indent i-boxes of A}| — | {removable i-boxes of A}|, 
Nl(X,n) =|{indent i-boxes of A situated to the left of 7 (not counting 7) }| 

— I {removable i-boxes of A situated to the left of 7}!, 
7VJ(A,/x) =|{indent i-boxes of A situated to the right of 7 (not counting 7) }| 

— [{removable i-boxes of A situated to the right of 7}), 



Then, 



M A 

where, in each case, the sum is over all partitions such that /J./X is a i-node, and 

^|A)=^ A )|A). 

See [HU Section 4.2] for further details. 

Example 3.7. Let A = (5, 4, 1, 1) and r = 3 so that the Young diagram with residues of A is 





1 










2 





1 


2 







1 


2 





1 



Then 



F 2 |A> = |(6,4,1,1)) + |(5,4,2,1)> + q| (5, 4, 1, 1, 1)> , 

E 2 \X) = ^1(5,3, 1,1)), 
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and 

^ 2 |A) = g 2 |(5,3,l,l)> 

Exercise 3.8. Let A = (6, 6, 3, 1, 1) and r = 4. Calculate the action of F2, E4 and K\ on | A) (hint: 
draw a picture!). 

Exercise 3.9. Write a program that calculates the action of the operators K^F^Ei on J- q . 

In fact, there is an action of a larger algebra, the quantum affine enveloping algebra U q (gl r ) D 
Uq(slr) on the space T q . The key point for us is that T q is an irreducible highest weight represen- 
tation of U q (Ql r ), with highest weight |0). As a £/g(sl r )-module, the Fock space is actually a direct 
sum of infinitely many irreducible highest weight modules, see |37j . 

3.8. The Q-linear involution q 1— >■ q := q~ l of Q(g) extends to an involution v 1— > v of T q . In 
order to describe this involution, it suffices to say how to calculate |A). We begin by noting that a 
partition can also be describe as an infinite wedge as follows. 

Exercise 3.10. Let J be the set of strictly decreasing sequences / = (ii 3 «2) • • • ) such that i^ = — k+1 
for k 3> 0. Show that there is a natural bijection between J and V, the set of all partitions. This 
bijection sends J n = {/ 6 J \ Y^ki^ + k — 1) = n} to V n the set of all partitions of n. 

Thus, to a partition I £ J we associate the infinite wedge 

u l = U{ 1 A Ui 2 A Ui 3 A . . . , 

for instance 

n (3 2 ,2) = "U3 A U2 A Uo A U_3 A U_4 A . . . 

An infinite wedge is normally ordered if it equals uj for some I £ J . Just as for usual wedge 
products, there is a "normal ordering rule" for the g-deformed wedge product. However, this 
normal ordering rule depends in a very nontrivial way on the integer r (and more generally, on the 
level I of the Fock space). In order to describe the normal ordering rule, it suffices to say how to 
swap two adjacent Uj's. Let i < j be integers with j — i = m mod r for some < m < r. Ifm = 
then 

Ui A Uj = —Uj A U{, 

and otherwise 

Ui A Uj = - q^Uj Aui + (q~ 2 - l)[uj- m A u i+m - q~ l Uj^ r A u i+r 
+ q~ 2 Uj^ m ^ r A u i+m+r - q~ 3 Uj- 2r A u i+2r H ] 

where the sum continues only as long as the terms are normally ordered. Let / G J and write 
a r,k(I) f° r the number of pairs (a, b) with 1 < a < b < k ancj^2 a — % ^ mod r. 

Proposition 3.11. For k>n, the q-wedge 

uj = (-l)( k 2) q^A^u^ a u ik ^ A • • • A u h A u ik+1 A u ik+2 A • • • 
There is a typo in definition of a r .k(I) in [39] 
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is independent ofk. 

Therefore we can define a semi-linear map, v \— > v on T q by 



f(q)ui = f(q l )ui. 
This is actually an involution on T q . For n define 

Im) = 5^oa,/i(?)|A). 

Ahn 

Then it is known, [39, Theorem 3.3], that the polynomials a\ t u(q) have the following properties. 
Theorem 3.12. Let A, /i h n. 

(1) a^^ezb.r 1 ]. 

fSj a\n(q) = unless X <\ fi and X, fi have the same r-core. 
(3) a x , x {q) = I- 
(^J OA,/a(9) = V,A'(«)- 
Example 3.13. If r = 3 then 

1(4,3,1)) = |(4, 3, 1)) + (g - q- 1 )]^, 3, 1, 1)) + (-1 + <T 2 )|(2, 2, 2, 2)) + (q 2 - 1)|(2, 1, 1, 1, 1, 1, 1)). 

Leclerc and Thibon showed: 

Theorem 3.14 ([39J, Theorem 4.1). There exist canonical basis {G + (X)} and {G {X)} character- 
ized by 



(1) G + {X) = G+{X),G-(X) = g-(X). 

(2) G+(X) = | A) mod qZ[q] and G~(\) = |A) mod q- x l\q-\ 

It seems that the above result has nothing to do with the fact that J- q is a U q (slr) -module. All 
that is required is that there is some involution defined on the space. However, for an arbitrary 
involution there is no reason to expect a canonical basis to exist (and, indeed, one can check with 
small examples that it does not). Of course, the involution used by Leclerc and Thibon is not 
arbitrary. There is a natural involution on the algebra U q (gl r ). Since T q is irreducible as a U q (gl r )- 
module, there is a unique involution on T q such that F|0) = F|0) for all F £ U q (gl r ). It is this 
involution that Leclerc and Thibon use, though as we have seen they are able to give an explicit 
definition of this involution. Then, it follows from a general result by Lusztig, |40|, §7.10], that an 
irreducible, highest weight module equipped with this involution admits a canonical basis. Set 

g+ifi) =^d A|M (g)|A), Q-(X) = J> AlM (9)|/i>. 

A fJ. 

The polynomials d\„ and e\ yfjL have the following properties: 

• They are non-zero only if A and fi have the same r-core, d\ t \(q) = e\\(q) = 1; 

• d\,n{q) = unless A < fi, and e\ tfl (q) = unless fj, < A. 

3.9. GAP. In order to calculate the polynomial G + {n) we use the computer package GAP. The 
fil^] Canonical . gap contains the functions 



Available from 



http : //www .maths .gla. ac .uk/~gbellamy/MSRI .html 
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APolynomiaK lambda, mu,r) 

and 

DPolynomial (lambda , mu , r ) 

which, when given a pair of partitions and an integer r, returns the polynomials a\^(q) and d\^(q) 
respectively. For example: 

gap>Read("Canonical.gap") ; 
gap>APolynomial ( [2 , 1 , 1] , [3 , 1] , 2) ; 
q~2-l 

gap>DPolynomial ( [1 , 1 , 1 , 1 , 1] , [5] , 2) ; 

q~2 

gap> 

Exercise 3.15. For r = 2, describe Q{\) for all A h 4 and A h 5. 

Exercise 3.16. (Harder) Write a program that calculates the polynomials e\ tfl (q). 

3.10. Then, assuming that r > 1, |5H Theorem 11] says that 

[W x : Lp] = dy^(l), [L\ : W„] = e A)/i (l). 
Combining the results of [39], [51] and [43] : 
Theorem 3.17 (Leclerc-Thibon, Vasserot-Varagnolo, Rouquier). We have 

[A(A):L(m)]=<*a' iM '(1), and i L W ■ A(m)] = e AlM (l). (7) 



Theorem 3.17 gives us a way to express the graded character of the simple modules L(X) in terms 
of the numbers e> )(U (l). 

Corollary 3.18. VFe /jave 

ch(L(A)) = j^-^ ■ ^e Ai|1 (l)dim(/i)i c ^ . (8) 

Proof. The corollary depends on two key facts about standard modules. Firstly, they form a Z-basis 
of the Grothendieck ring Kq(0) (exercise 2.20) and, secondly, it is easy to calculate the character 
of A(A). Theorem 3.17 implies that we have 

[L(A)] = £e A|M (l)[A0u)] 

in Kq(0). Now the corollary follows from the fact that ch(A(/i)) = d ™|_^t' . □ 

Notice that, though equation Q looks very simple, it is extremely difficult to extract meaningful 
information from it. For instance, one cannot tell whether L(X) is finite dimensional by looking 
at this character. Also, note that the coefficients e A „(l) are often negative so the numerator 
is a polynomial with some negative coefficients. But expanding the fraction as a power-series 
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around zero gives a series with only positive integer coefficients - all negative coefficients magically 
disappear! 



When c = | we get: 



= 4 and c = 


|. In this case, the numbers e\^(l) and 


n\\ 


(4) 


(3,1) 


(9 9\ 


(9 *\ 


fl 1 1 11 


(4) 


1 














(3,1) 





1 











(2,2) 


-1 





1 








(2,1,1) 











1 





(1,1,1,1) 


1 





-1 





1 


ca 


-8 


-4 

3 


2 


16 

3 


12 


l-t) 4 -ch(L(A)),then 








ch (4 )(i) 


= r 8 


- 2t 2 


+ t 12 , 


ch( 3 ,i)W 




2)(*) = 2t 2 - 


-t 12 , 


Ch(2,l,l)(*) = 


OL -J , CIJ 


(i,i,i,i)W - 


/i\A 


(4) 


(3,1) 


(2,2) 


(2,1,1) 


(1,1,1,1) 


(4) 


1 














(3,1) 


-1 


1 











(2,2) 








1 








(2,1,1) 


1 


-1 





1 





(1,1,1,1) 


-1 


1 





-1 


1 


ca 


-23 
2 


-5 
2 


2 


13 
2 


31 
2 
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and 

ch (4) (t) = t~f - 3t~i +3t^ - t^, ch (3jl) (t) = 3t"f - 3t¥ + i¥ ) 
ch (2) 2)W = 2t 2 , ch (2jl;1) (i) = 3t^ - t^, ch (1>lil)1) (t) = t% . 
Let I) C C 4 be the three dimensional reflection representation. One could also consider represen- 
tations of H c (h,6 4 ) instead of H C (C 4 ,© 4 ). If C 4 = f) © C as a 6 4 -module, then H C (C 4 ,6 4 ) = 
H c (h, 6 4 ) <8> £>(C), which implies that A c4 (A) = Af,(A) © C[x] for each A h 4. Then, 

1 



ch(L c4 (A)) 



1 -* 



ch(L„(A)), 



and hence ch\(i) = (1 — i) 3 • ch(L(,(A)). If we consider A = (4) with c = | then notice that 



23 5 13 31 

- 3t~2 + 3^ - t^2 23 

= 



1 - 3t 9 + 3i 18 - i 27 ^ 



r^(t 24 + 3r d + 6r 2 + ■ ■ ■ + 3t + 1) 



(l-t)3 

This implies that £((4)) is finite dimensional. Evaluating the above polynomial shows that it 
actually has dimension 729. 

Exercise 3.20. (1) For c = |, compute the character of all the simple modules of category 
for H c (65). 
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(2) For c = ^ , compute the character of all the simple modules of category O for H c (©4). 

(3) What are the blocks of O for 65 at c = ^? at c = ^ or at c = ^? Hint: It is known 
that two partitions are in the same block of the (/-Schur algebra if and only if they have the 
same r-core. 

Since the action of eu on a module M £ O commutes with the action of W, the multiplicity 
space of a representation A 6 Irr(W) is a eu-module. Therefore, one can refine the character ch to 

ch w (M) = ^ch(M(A))[A], 

A 

where M = 0A e i rr (vK) A as a VF-module. Given A, ji € Irr(W), we define the generalized 

fake polynomial f\^(t) by 

a Laurent polynomial. 

Exercise 3.21. What is the 64-graded character of the simple modules, expressed in terms of 
generalized fake polynomials, in O when c = |? 

3.11. Yvonne's conjecture. In many ways, the most interesting, and hence most intensely stud- 
ied, class of rational Cherednik algebras are those associated to the complex reflection group 

w = e n iz l = e n K zp, 

the wreath product of the symmetric group with the cyclic group of order I. Fix £ a primitive Z-th 
root of unity. The reflection representation for & n I Zi is C n . If yi, . . . , y n is the standard basis of 
C n then 

^ = {g( I 1 < i < n, < j < I - 1} 

and 

9i-Vk= < . 

1 yfc otherwise 

The symmetric group acts as a • y, L = y a ^ . This implies that 

& ■ 9i = 9a(i) • a- 
The conjugacy classes of reflections in W are 

R = {sijgiQ] 1 \l<i<j<n}, Si = {g) \ 1 < j < n}, 1 < i < I - 1. 

and we define c by c(sjj) = c, c((/p = q so that the rational Cherednik algebra is parameterized 
by c, ci, . . . , ci-\. To relate category O to a certain Fock space, we introduce new parameters 
h = (h, ho, . . . , hi-i), where 

1-1 

c = 2h, c i = Y^ C ij (hj ~ h j+ i), VKKI-1. 
3=0 
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Note that the above equations do not uniquely specify ho, • • • , hi-\; one can choose ho + ■ ■ ■ hi-i 
freely. Finally, we define s = (sq, . . . , s^_i) G l) and e 6 N by h = \ and 




The irreducible representations of & n I are labeled by l-multipartitions of n, where A = 
(A^ 1 ), . . . , A^) is an Z-tuple of partitions AW" such that 

£|A«|=». 

The set of all Z-multipartitions is denoted 7-* and the subset of all /-multipartitions of n is denoted 
V l n . Thus, the simple modules in category O are L(X), for A 6 It is actually quite easy to con- 
struct the simple VF-modules A once one has constructed all representations of the symmetric group. 



In |49j . Uglov define for each / > 1 and s S l) a level I Fock space Jq[s] with multi-charge s. 
This is again a representation of the quantum affine algebra U q (sl r ), this time with Q((7)-basis |A) 
given by /-multi-partitions. The action of the operators Fi,Ei and Ki have a similar combinatorial 
flavour as for 1 = 1. The space J-q[s] is also equipped with a Q-linear involution. 

Theorem 3.22 ([49J, Theorem 2.5). There exists a unique Q(q)-basis G(X) of F l q [s} such that 



(1) g{\) = g{\). 

(2) g(X) - A e Mep , q®[q]\») if A h n. 
Therefore, for A, € V l n , we define d\ tfJt (q) by 

\ev' n 

The following conjecture, originally due to Yvonne, |56l Conjecture 2.13], but in the generality 
stated here due to Rouquier, [13 Section 6.5], relates the multiplicities of simple modules inside 
standard modules for H c (6 n ! Z/) to the polynomials d\ tfJ ,(q). 

Conjecture 3.23. For all A, [i G V l n we have 

[A(A):L(/x)]=d AVt (l). 

If A = (A^, . . . , A^" 1 -*) is an m-multi-partition then 

At = ((A( m ))',...,(A( 1 )) / ), 

where (A w )' is the usual transpose of the partition A w . 

3.12. Additional remark. 



• Theorem 3.6 is given in \A5\ Theorem 6.11]. Its proof is based on the uniqueness of quasi- 



hereditary covers of the Hecke algebra, as shown in 



2^N 



4. The KZ functor 



Recall from the first lecture that we have the Dunkl embedding H C (W) <^-> D(h rcg ) x W, which 
becomes an isomorphism 

H c (W)[r 1 ] ^D(h rcg ) x w 

after localization. If M is a module in category O then we can also localize M to get M[<5 _1 ], a 
D(f) reg ) xi V7-module. In particular, M[<5 -1 ] is a D(f) reg )-module. Therefore, we can use some of the 
very powerful machinery in the theory of D-modules, such as the Riemann-Hilbert correspondence, 
to study M[5 -1 ]. This is the basic idea behind the KZ-functor. The goal of this lecture is to try 
and describe in some geometric way the image of category O under this localization procedure. 
Remarkably, what one gets in the end is a functor 

KZ : O — ► 7£ q (W> m °d, 

from category O to the category of finitely generated modules over the Hecke algebra T-Lq(W) 
associated to W. 

4.1. Integrable connections. A 2)(h reg )-module which is finitely generated as a C[f} reg ]-module 
is called an integrable connection. It is a classical result that every integrable connection is actually 
free as a C[f) reg ]-module. Therefore, if N is an intergrable connection, 

k 

i=l 

for some u\ G N. If we fix coordinates xi, . . . , x n such that C[h] = C[xi, . . . , x n ] and let di = 
then the action of 2)(f) reg ) on N is then completely encoded in the equations 

k 

d r ui = J2fli u ^ ( 9 ) 

3=1 

for some polynomials^] G C[h rcg ]. The integer k is called the rank of N. 

A natural approach to studying integrable connections is to look at their space of solutions. 
Since very few differential equations have polynomial solutions, this approach only makes sense 
in the analytic topology. So we'll write f)"^ for the same space, but now equipped with the 
analytic topology and C[h^] denotes the ring of holomorphic functions on fj"^. Since 25 (I) "eg) = 
C[fj^g] ®C[f) reg ] 2)(f)reg), we have a natural functor 

25(h rcg ) x W-mod -> 2)(h r a « ) x W-mod, M ^ M an := Cft™] ® c[ „ rcg] M. 

Since C[fj"^] is faithfully flat, this is exact and conservative i.e. M an = implies that M = 0. On 
any simply connected open subset U of f)®,^, the vector space 

Kom m? n g) (N an ,C[U]) 



'The condition [di,d m ] = implies that one cannot choose arbitrary polynomials f^ t . 
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Figure 3. The generator T of the braid group 7Ti(C x ), and non-trivial element 7 

in 7Ti(C\{pi,p 2 ,P2},»)- 



is fc-dimensional because it is the space of solutions of a k x k matrix of first order linear differential 
equations. These spaces of local solutions glue together to give a rank k local system Sol(iV) on f) reg 



i.e. a locally constant sheaf of C-vector spaces such that each fiber has dimension k, see figure 4.2 
for an illustration. The reader should have in mind the idea of analytic continuation from complex 
analysis, of which the notion of local system is a generalization. 

4.2. Regular singularties. Assume now that dimf) = 1, so that f) = C and f) r0 g = C x . Then, we 
say that iV is a regular connection (or has regular singularties) if, with respect to some C[f)^] -basis 
of N an , equation ^ becomes 

k 

d ■ Ui = —^ u ji a i,j ^ C. (10) 
j=i 

When dim f) > 1, we say that N has regular singularities if the restriction N\c of N to any smooth 
curve C C f) re g has, after a suitable change of basis, the form (10). There are two natural functors 



from the category Conn reg (f) reg ) of integrable connections with regular singularities on f) reg to local 
systems on r) reg . Firstly, there is a solutions functor 

N h+ Sol(iV) := Uomv^ (N an , O^J, 

and secondly the deRham functor 

N 1 ^ DR(iV) := Uom v ,N an ). 

There is a natural duality on integrable connection which intertwines the solutions and deRham 
functors, see |36|, Chapter 7] for details. Sticking with conventions, we'll work with the deRham 
functor. Note that there is a natural identification 

DR(iV) = {n£ N an I di ■ n = V *} =: iV V , 

where iV v is usually referred to as the subsheaf of horizontal sections of N an . Recall that there 
is a natural (up to a choice of base point) equivalence between the category of local systems on 
fj^ and the category 7ri(f} re g)-mod of finite-dimensional representations of the fundamental group 

7Q(fC g ) Of fC g - 

4.3. Deligne's version of the Riemann-Hilbert correspondence, [18], says that: 

30 



Figure 4. The locally constant sheaf (local system) L on C x . On each open set, 
the local system Lj is constant, and on overlaps we have l_j ~ U+i. Composing these 
isomorphisms defines an automorphism L — > L, which is the action of the path 7 on 
the stalk of L at 1. 

Theorem 4.1. The deRham and solutions functors 

DR, Sol : Conn reg (f) reg ) ->■ 7ri(rj rcg )-mod 

are equivalences. 

Why is the notion of regular connection crucial in Deligne's version of the Riemann-Hilbert 
correspondence? A complete answer to this question is beyond the authors understanding. But 
one important point is that there are, in general, many non-isomorphic integrable connection that 
will give rise to the same local system. So what Deligne showed is that, for a given local system L, 
the notion of regular connection gives one a canonical representative in the set of all connections 
whose solutions are L. 

4.4. Equivariance. The group W acts freely on rj reg . Therefore, there is a natural isomorphism 
V(t) TCg ) w ~ T>(t) Ieg /W). If the X>(f) reg )-module N is actually a D(f) reg ) x ^-module, or a U W- 
equivariant 23-module", then N descends to a D-module on the quotient space i) T eg/W. Concretely, 
this just means that the identification D(f} rcg ) w/ ~ D{\) reg /W) allows us to think of N w as a 
2)(f)r eg /W)-modufl Therefore, we may define the KZ-functor KZ : O -> C7ri(f) rcg /W)-mod by 

KZ(M) := DR{M[5- l ) w ) = (((M[^ 1 ]) w/ ) an ) v . 



Equivalently, there is a (unique up to isomorphism) D(f) reg /W)-module N' such that N ~ C[f) reg ] ®c[hre g ] w ^' as 
f(flrcg)-modules. 
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The following diagram should help the reader unpack the definition of the KZ-functor. 

(-)[<5 -1 l 

O > ©(^reg) x W-mod (11) 

V(t)re g /W)-mod > D(fC g /W0-mod 

"""*'"-•-.. , (_)V 

K/ ::-|ifi, v; . ir;-mod. 

Exercise 4.2. By considering the case of Z2, show that the natural map T)(fy) w — > D(\)/W) is not 
an isomorphism. Which of injectivity or surjectivity fails? Hint: for complete rigor, consider the 
associated graded map giD{\]) w — > gr"D(f)/W). 

4.5. A change of parameters. In order to relate, in the next section, the rational Cherednik 
algebra H C (VF), via the KZ-functor, with the cyclotomic Hecke algebra Hq(W), we need to change 
the way we parameterize H C (PF). Each complex reflection s £ 5 defines a reflecting hyperplane 
H = kera s C f). Let A denote the set of all hyperplanes arrising this way. For a given H € A, the 
subgroup W H = {w e W | w{H) C H} of W is cyclic. Let W* H = W H \{1}. Then 

S = |J W* H . 
HeA 

We may, without loss of generality, assume that 

an '■= a s = a s >, a w H := a w s = a^,, V s,s' G W^. 
Then the relation Q becomes 

[y,x] = (y,x)- J2(y> a H){(*H,x) X) c ( s ) s ' Vx€f)*,yGf). (12) 

Let riH = \Wh\ and en,i = YlwEW H ('^ e ^ w ) iw for < i < n# — 1 be the primitive idempotents 
in CW H - Define k H ,i € C for H £ A and < i < n# — 1 by 

seW^ i=Q 

and fc^o = kjj nH = 0. Note that this forces fc^j = k w ^ H ^i for all u> G and H £ A. Thus, the 
parameters ku,i are W-invariant. This implies that 

c ( s ) = X (det - fcif.i), 

i=o 



and the relation (12) becomes 

n H -l 

[y, x] = (y, x) - X (y> a H ){a y H , x)n H ^ ~ k H ,i)e H ,i, V x G f)*, y € f). (13) 
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Therefore H C (W) = H k (W), where 

k = {k H ,i \ H £ A, < i < n H - 1, k H ,o = k H ,n H = and kn,i = k w{H)ji Vw, H, i}. 

4.6. The cyclotomic Hecke algebra. The braid group 7ri(fj re g/W) has generators {T s \ s £ S}, 
where T s is an s-generator of the monodromy around H; see [5J Section 4.C] for the precise definition. 
The T s satisfy certain "braid relations". Fix q = {qu,i £ C x | H E A, < i < nu — 1}. The 
cyclotomic Hecke algebra Hq(W) is the quotient of the group algebra Ciri(l) TCg /W) by the two-sided 
ideal generated by 

n H -l 
i=0 

where is the hyperplane defined by s. 

Example 4.3. In type A the Hecke algebra is the algebra generated by Ti, . . . , T n _i, satisfying the 
braid relations 

TjTj = TjTj, V > 1, 

TiT i+1 Ti = T i+1 TiT i+ i V 1 < i < n - 2 

and the additional relation 

(Ti-q)(T 4 + l) = Vl<i<n-1. 

For each E yl, fix a generator s# of Wjj. Given a parameter k for the rational Cherednik 
algebra, define q by 

lH,i = (detsH)~ l exp(27rv /Z lA;^j). 
Based on [HI Theorem 4.12], the following key result was proved in |27l Theorem 5.13]. 

Theorem 4.4. The KZ-functor factors through T-L^W) -mod. 

Since each of the functors appearing in diagram [Tl] is exact, the KZ-functor is an exact functor. 
Therefore, by [43j Theorem ??], there exists a projective module Pkz £ C such that 

KZ(-)~Hom (P KZ ,-). (14) 



Then, Theorem 4.4 implies that Pkz is a (H C (W), ^ q (VF))-bimodule and the action of T-LqiW) on 



the right of Pkz defines an algebra morphism 

4>:n n (W)^End Hc{w) (P K z) op . 

Lemma 4.5. Let A be an abelian, Artinian category and A' a full subcategory, closed under quo- 
tients. Let F : A' —> A be the inclusion functor. Define : A —> A' by setting - L F(M) to 
be the largest quotient of M contained in A' . Then F is left adjoint to F and the adjunction 
r] : id_4 — > F o ( F) is surjective. 

Proof. We begin by showing that F is well-defined. We need to show that, for each M £ A, there 
is a unique maximal quotient N of M contained in A '. Let 

K = {N' C M | M/N € A'}. 
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Note that if N[ and N' 2 belong to K then N{ n belongs to K. Therefore, if N[ G K is not 
contained in all other N' G if, we choose N' e K such that N[ <£_ N' and set N' 2 = N' n iV{ C JVi . 
Continuing this way we construct a descending chain of submodules N[ 2 -^2 2 " ' ' of M. Since 
.A is assumed to be Artinian, this chain must eventually stop. Hence, there is a unqiue minimal 
element under inclusion in K. It is clear that ± F is left adjoint to F and the adjunction r\ just 
sends M to the maximal quotient of M in A' , hence is surjective. □ 

Theorem 4.6 (Double centralizer theorem). We have an isomorphism 

Proof. Let A denote the image of the KZ functor in "H q (W)-mod. It is a full subcategory of 
rlq(W)-mod. It is also closed under quotients. To see this, notice that it suffices to show that 
the image of O under the localization functor (— is closed under quotients. If N is a non- 
zero quotient of M[<5 -1 ] for some M G O, then it is easy to check that the image N' of M under 



M — > M[J _1 ] -» N is non-zero and generates N. The claim follows. Then, Lemma 4.5 implies that 
<j) is surjective. Hence to show that it is an isomorphism, it suffices to calculate the dimension of 
End Hc (w)(-PKz)- Note that 

Pkz= dimKZ(L(A))P(A) 

Aelrr(VK) 

(prove this!). Hence, using BGG reciprocity, we have 

dimEnd HcW CP K z) = 0dimKZ(L(A))dimKZ(L(/i))Hom o (P(A),P(/i)) 

A.,u 

= 0dimKZ(L(A))dimKZ(L(//))[P(/i) : L(A)] 

X.fi 

= dimKZ(L(A))dimKZ(L( / u))[P(^) : A(u)}[A(u) : L(A)] 

A,/i,f 



dimKZ(L(A))dimKZ(L(^))[A(^) : L(/x)][A(u) : L(X)] 



0(dimKZ(A(z,))) 2 



Since A(y) is a free C[f)]-module of rank dim(z^), its localization A(u)[5 x ] is an integrable connec- 
tion of rank dim(^). Hence, dimKZ(A(z/)) = dim(z/) and thus dimEndn c (vi/)(-f ? Kz) = \W\. □ 

Let Otor be the Serre subcategory of O consisting of all modules that are torsion with respect 
to the Ore set {(^jjveN- The torsion submodule M tov of M G O is the set {m G M \ 3 N 3> 
s.t. 6 N • m = 0}. Then, M is torsion if M tor = M. 

Corollary 4.7. The KZ-functor is a quotient functor with kernel Otor is. 

KZ : O/Otor ^ 'H cl (W)-mod. 
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Proof. Notice that, of all the functors in diagram 11, only the first, M i— )■ M[5 _1 ] is not an equiv- 
alence. We have M[<5 -1 ] = if and only if M is torsion. Therefore, KZ(M) = if and only 
if M £ Otov Thus, we just need to show that KZ is essentially surjective. Let N be a finite 
dimensional Hq(W)-module. Recall that Pkz G is a (H c (W"),% q (T^))-bimodule. Therefore, 
Kom Hc{w) (P KZ ,H c (W)) is a (H^W), H c (W))-bimodule and 

M = Hom Wq(w) (Hom Hc(W ) (P K z, H C (W)),N) 



is a module in category O. Applying (14) and the double centralizer theorem, Theorem 4.6 
have 

KZ(M) = Rom Hc{w) (P KZ ,M) 

= HomH c ( H /)(P^z,Hom Wq ( H/) (Hom Hc ( W )(^xz, H C (W)), N)) 

- Hom Wq(W )(Hom Hc ( W ) (Pkz, H c (W)) <8>h c (W) Pkz,N) 

- Hom W q (H/)(End HcW (P^z),A r ) 
^Hom WqW (^ q (W),iV)=iV, 

where we have used |2j Proposition 4.4 (b)] in the third line. 



we 



□ 



4.7. Example. Let's take W = Z n . In this case the Hecke algebra % q (Z n ) is generated by a single 
element T :=T\ and satisfies the defining relation 

ncr-<r)=o. 

i 

Unlike examples of higher rank, the algebra % q (Z n ) is commutative. Let £ G C x be defined by 
= (x. We fix a s = y/2x and = \/2y, which implies that X s = £. Let A(i) = C[x] ® be 
the standard module associated to the simple Z n -module e^, where s • &i = Qei- The module A(i) 
is free as a C [a;] -module and the action of y is uniquely defined by y ■ (1 <g) e») = 0. Since 

y = 5 :E - V -^-(1-^) 

under the Dunkl embedding, we have A(i)[<5 -1 ] = C[x,x _1 ] (g) a with connection defined by 

R -°± 

X 

where 

k l -v 

It is clear that this connection is regular. Then, the horizontal sections sheaf of A(z)[<5 _1 ] on t)®™ g is 
dual to the sheaf of multivalued solutions C -x 04 of the differential equation xd x — ai = 0. But this is 
not what we want. Recall that (A(i)[5~ 1 ])' 1 " is a module for 2)(f} reg ) z " = D(f) reg /Z„) and KZ(A(i)) 
is defined to be the horizontal sections of (A(i)[J _1 ]) Zn . Let z = x n so that C[f) reg /Z n ] = C[z, z -1 ]. 
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Then, an easy calculation shows that d z = n_i d x (check this!). Since 

(A(i)[S~ 1 ]) Zn = C[z, z- 1 } • ® e,i) =: C[z, z' 1 } ■ u h 

we see that 

d z ■ (x n ~ l <g> a) = — ■ {x n ~ l ® e») = n ~ l + ai u t . 

nx n ~ L nz 

Hence KZ(A(i)) is dual to the local system of solutions C • z bi , where 

n — i + a; 



n 



At this level, duality simply means considering instead the local system C ■ z i . The generator T 
of 7Ti(f) re g/Z n ) is represented by the loop t h-> exp(27r\/^Tt). Therefore 

T ■ z~ b * = exp(-2vr v /r 16 i )z _6! . 

It turns out that, in the rank one case, L(i)[<5 _1 ] = if L(i) ^ A(i). Thus, 



KZ(L(i)) 



KZ(A(i)) ifL(t) = A(i) 
otherwise. 



4.8. Application. As an application of the Double centralizer theorem, Theorem 4.6, we mention 
the following very useful result due to Vale, [50J . 

Theorem 4.8. Assume i/iaj^j dim% q (W) = \ W\. Then the following are equivalent: 

(1) Hk(VF) is a simple ring. 

(2) Category O is semi-simple. 

(3) The cyclotomic Hecke algebra H^W) is semi-simple. 

4.9. The KZ functor for Z2. In this section, which is designed to be an exercise for the reader, 
we'll try to describe what the KZ functor does to modules in category O when W = Z2, our 
favourite example. The Hecke algebra % q (Z2) is the algebra generated by T := T\ and satisfying 
the relation (T — 1)(T — q) = 0. The defining relation for H C (Z2) is 

[y,x] = 1 - 2cs, 



see example 1.11 We have q = det(s) exp(27rv^Tc) = — exp(27ry / — lc). 



Exercise 4.9. Describe KZ(A(A)) as a % q (Z2)-module. 



For the next exercise, you'll need the explicit description of P(e\) given in exercise |2.27 



Exercise 4.10. (Harder) Assuming c = \ + m for some m £ Z>o- Calculate KZ(P(ei)). 
Exercise 4.11. For all c, describe Pkz- 

4.10. Additional remark. 

• Most of the results in this lecture first appeared in [27] and our exposition is based mainly 
on this paper. 



^The equality dimHqfW) = \W\ is known to hold for all but finitely many exceptional complex reflection groups. 
It is conjectured to always hold. 
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Further details on the KZ-functor are also contained 
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5. Symplectic reflection algebras at t = 



Recall from the first lecture that we used the Satake isomorphism to show that 

• The algebra Z(Ho )C (G)) is isomorphic to eHo, c (G')e and Ho, c (G) is a finite Z(Ho )C (G))- 
module. 

• The centre of Hi iC (G) equals C. 

In this lecture we'll consider symplectic reflection algebras "at t = 0" and, in particular, the 
geometry of Z C (G) := Z(H , C (G)). 

Definition 5.1. The generalized Calogero-Moser space X C (G) is defined to be the affine variety 
Spec Z C (G). 

The filtration on Ho )C (G) induces, by restriction, a filtration on Z C (G). Since the associated 
graded of Z C (G) is C[V] G , X C (G) is reduced and irreducible. 

Example 5.2. When G = Z2 acts on C 2 , the centre of H C (Z2) is generated by A := x 2 , B := xy — cs 
and C = y 2 . Thus, 

C[A,B,C] 
Xc(Z2) " (AC-(B + c)(B-c)) 
is the affine cone over P 1 C P 2 when c = 0, but is a smooth affine surface for all c 7^ 0, see figure 

ED 

5.1. Representation Theory. Much of the geometry of the generalized Calogero-Moser space is 
encoded in the representation theory of the corresponding symplectic reflection algebra (a conse- 
quence of the double centralizer property!). In particular, a closed point of X c is singular if and 
only if there is a "small" simple module supported at that point - this statement is made precise 



in Proposition 5.6 below. 

Lemma 5.3. Let L be a simple Ho c (G) -module. Then dimL < 00. 

Proof. It is a consequence of Kaplansky's Theorem, |41| Theorem 13.3.8], that every simple Ho c (G)- 
module is a finite dimensional vector space over C. More precisely, if L is a simple Ho )C (G)-module 
then dimL < P.I. degree (H 0)C (G)) and H 0)C (G)/ Ann H()c(G) L ~ Mat m (C). □ 

Schur's lemma says that the elements of the centre Z C (G) of Ho jC (G) act as scalars on any simple 
Ho, c - m odule L. Therefore, the simple module L defines a character xl '■ Z C (G) — > C and the 
kernel of xl is a maximal ideal in Z C (G). Thus, the character xl corresponds to a closed point 
in X C (G). Without loss of generality, we will refer to this point as xl and denote by Z C (G) XL the 
localization of Z C (G) at the maximal ideal Ker xl- We denote by Ho, c (G) x the central localization 
Ho,c(G) <S>z c (G) Z C (G9 X . The Azumaya locus of Ho, c (G) over Z C (G) is defined to be 

Ac ■= { x G X C (W) I H ,c(WO x is Azumaya over Z C (W) X }. 

As shown in [11, Theorem III. 1.7], A c is a non-empty, open subset of X C (W). 

Remark 5.4. If you are not familiar with the (slightly technical) definition of Azumaya locus, as 
given in |10[ Section 3] , then it suffices to note that it is a consequence of the Artin-Procesi Theorem 
|41l Theorem 13.7.14] that the following are equivalent: 



(1) X G Ac\ 

(2) dimL = P.I. degree (Hq >c (G)) for all simple modules L such that xl = X! 

(3) there exists a unique simple module L such that \L = X- 

In fact, one can say a great deal more about these simple modules of maximal dimension. The 
following result strengthens Lemma |5.3| 



Theorem 5.5. Let L be a simple Ho,c(GQ -module. Then dimL < |G| and dimL = |G| implies that 
L ~ CG as a G-module. 

Corollary 5.6. Let L be a simple W c (G)-module then dimL = |G| if and only ifxi is a nonsingular 
point of X C (G). 



Proof. By Theorem 5.5, the dimension of a generic simple module is \ W\. Since the Azumaya locus 
A c is dense in X c , it follows that P.I. degree (Ho, c(G)) = \G\. The proposition will then follow 
from the equality A c = (X c (G)) sm , where (X c (G)) sm is the smooth locus of X C (G). As noted 



in Corollary 2.22 Ho )C (G') has finite global dimension. It is known, Lemma III. 1.8], that this 
implies that A c C (X c ) sm . The opposite inclusion is an application of a result by Brown and 
Goodearl, [TUJ Theorem 3.8]. Their theorem says that (X c ) sm C A c (in fact that we have equality) 
if Ho,c(GQ bas particularly nice homological properties - it must be Auslander-regular and Cohen- 
Macaulay, and the complement of A c has codimension at least two in X c . The fact that Ho jC (G9 is 
Auslander-regular and Cohen-Macaulay can be deduced from the fact that its associated graded, 
the skew group ring, has these properties (the results that are required to show this are listed in 
the proof of [91 Theorem 4.4]). The fact that the complement of A c has co-dimension at least two 



in X c is harder to show. It follows from the fact that X c is a symplectic variety, Theorem 5.13 



and that the "representation theory of Ho, c is constant along orbits", Theorem 5.14. □ 

The corollary implies that to answer the question 

Question 5.7. Is the generalized Calogero-Moser space smooth? 

it suffices to compute the dimension of simple H c (G)-modules. Unfortunately, this turns out to 
be rather difficult to do. 

5.2. Poisson algebras. The extra parameter t gives us a canonical quantiztion of the space X C (G). 
As a consequence, this implies that X C (G) is a Poisson variety. Recall: 

Definition 5.8. A Poisson algebra (A, { — , — }) is a commutative algebra with a bracket {— , — } : 
A <g> A ->• A such that 

(1) The pair (A, {— , — }) is a Lie algebra. 

(2) {a, — } : A — > A is a derivation for all a G A i.e. 

{a, be} = {a, b}c + b{a, c}, Va, b,c G A. 

Hayashi's contruction, [33] : We may think of t as a variable so that Ho jC (G) = Hf jC (G) /t ■ H^ C (G). 
For z±,Z2 G Z C (G) define 

{zi,z 2 } = (^[zi,z 2 ]^j mod iH tiC (G), 
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where z±,Z2 are arbitrary lifts of Z\,Z2 in Ht c (Cr). 

Proposition 5.9. Since ^o,c(W) is flat over C[t], {—, —} is a well-defined Poisson bracket on 
Z C (G). 



Exercise 5.10. (1) Prove Proposition 5.9 



(2) Show that same contruction makes eHo jC (G')e into a Poisson algebra such that the Satake 
isomorphism is an isomorphism of Poisson algebras. 

5.3. Symplectic leaves. In the algebraic world there are several different definitions of symplectic 
leaves, which can be shown to agree in "good" cases. We will recall two of them here. First, assume 
that X C (G) is smooth. Then X C (G) may be considered as a complex analytic manifold equipped 
with the analytic topology. In this case, the symplectic leaf through m G X C (G) is the maximal 
connected analytic submanifold C(m) of X C {G) which contains m and on which { — ,— } is non- 
degenerate. An equivalent definition is to say that £(m) is the set of all points that can be reached 
from m by traveling along integral curves corresponding to the Hamiltonian vector fields {z, — } for 
zeZ c (G). 

Let us explain in more detail what is meant by this. Let v be a vector field on a complex analytic 
manifold X i.e. v is a holomorphic map X — > TX such that v (x) E T X X for all x € X {v is 
assigning, in a continuous manner, a tangent vector to each point of x). An integral curve for v 
through x is a holomorphic function : B e (0) —> X, where B e (0) is a closed ball of radius e 
around in C, such that {do<& x ,v)(l) = v(x) i.e. the derivative of $ XiV at maps the basis element 1 
of TqC = C to the tangent vector field v(x). The existence and uniqueness of holomorphic solutions 
to ordinary differential equations implies that & x ,v exists, and is unique, for each choice of v and x. 

Now assume that v = {a, — } is a Hamiltonian vector field, and fix x £ X. Then, the image 
of $ x i a ,-} i s ' by definition, contained in the symplectic leaf C x through x. Picking another point 
y £ $ x j a _\(B e (0)) and another Hamiltonian vector field {6,—}, we again calculate the integral 
curve &y t {b,~} an d its image is again, by definition, contained in C x . Continuing in this way for as 
long as possible, C x is the set of all points one can reach from x by "flowing along Hamiltonian 
vector fields". 

In particular, this defines a stratification of X C {G). If, on the otehr hand, X C {G) is not smooth, 
then we first stratify the smooth locus of X C (G). The singular locus X c (G) s i ng of X C (G) is a 
Poisson subvariety. Therefore, the smooth locus of Ac(G) S mg is again a Poisson manifold and has 
a stratification by symplectic leaves. We can continue by considering the "the singular locus of 
the singular locus" of X C (G) and repeating the argument... This way we get a stratification of the 
whole of X C (G) by symplectic leaves. 

5.4. Symplectic cores. Let p be a prime ideal in Z C (G). Then there is a (necessarily unique) 
largest Poisson ideal 'P(p) contained in p. Define an equivalence relation ~ on X C (G) by saying 

p^q^P(p) =V(q). 

The symplectic cores of X C (G) are the equivalence classes defined by ~. We write 

C(p) = {qeX c (G)\V(p)=V(q)}. 
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Figure 5. Flowing along integral curves in a symplectic leaf. The red vector at Xi 
is a Hamiltonian vector field and the curve through x\ is the corresponding integral 
curve. 

Then, each symplectic core C(p) is a locally closed subvariety of X C (G) and C(p) = V(V(p)). The 
set of all symplectic cores is a partition of X C (G) into locally closed subvarieties. As one can see 
from the examples below, a Poisson variety X will typically have an infinite number of symplectic 
leaves and an infinite number of sympectic cores. 

Definition 5.11. We say that the Poisson bracket on X is algebraic if X has only finitely many 
symplectic leaves. 

In this case it is know, |12t Proposition 3.7], that the symplectic leaves are locally closed algebraic 
sets and that the stratification by symplectic leaves equals the stratification by symplectic cores 
i.e. 

£(m) = C(m) 

for all maximal ideals m G X C (G). 

Exercise 5.12. (1) Consider the Poisson bracket on C 2 = SpecC[x,y] given by {x,y} = y. 
Describe the symplectic leaves in C 2 . Are they algebraic? 
(2) For each finite dimensional Lie algebra g, there is a natural Poisson bracket on C[g*] = 
Sym(fl), uniquely defined by {X, Y} = [X, Y] for all X, Y G 0. Recall that sl 2 = C{E, F, H} 
with [E,F] = H, [H,E] = 2E and [H, F] = -2F. Calculate the symplectic leaves of s^. 
The nullcone M is defined to be V(EF + \H 2 ). How many leaves are there in M? Hints: 
Calculate the integral curves of X&, Xp and Xh through a point (p,q,r) G s^. Show that 
each variety V(EF + \FL 2 = s), for s G C, is a Poisson subvariety. 

In the case of symplectic reflection algebras, we have: 

Theorem 5.13. The symplectic leaves of the Poisson variety X C (W) are precisely the symplectic 
cores of X C (W). In particular, they are finite in number, hence the bracket {—, —} is algebraic. 

41 



Figure 6. The leaves and simple modules of Ho,o(^2)- 



Remarkably, the representation theory of symplectic reflection algebras is "constant along sym- 
plectic leaves", in the following precise sense. For each x £ X C {G), let H X)C (G) be the finite- 
dimensional quotient Ho lC (G)/m x Ho )C (G ! ), where m x is the kernel of x- If X S A c = X c (G) sra 
then 

H XiC (G) ~ Mat| G |(C), dimH XiC (G) = \G\ 2 . 
This is not true if % G X c (G) s i ng . 

Theorem 5.14. Let XI1X2 be two points in C, a symplectic leaf of X C (G). Then, 

H Xl ,c(G) ~ H X2 , C (G). 

Example 5.15. Let's consider again our favorite example W = Z2. When c is non-zero, one can 
check, as in the right hand side of figure [TTTj that X c (7j2) is smooth. Therefore, it has only one 
symplectic leaf i.e. it is a symplectic manifold. Over each closed point of X c (%2) there is exactly 
one simple Ho jC (Z2)-module, which is isomorphic to CZ2 as a Z2-module. If, on the other hand, 
c = so that H 0,0(^2) = C[x, y] x Z2, then there is one singular point and hence two symplectic 
leaves - the singular point and its compliment. On each closed point of the smooth locus, there is 
exactly one simple C[x, y] x Z2-module, which is again isomorphic to CZ2 as a Z2-module. However, 
above the singular point there are two simple, one-dimensional, modules, isomorphic to Ceo an d 



Cei as CZ2-modules. See figure 5.4 



5.5. Restricted rational Cherednik algebras. In order to be able to say more about the simple 
modules for Ho jC (G), e.g. to describe their possible dimensions, we restrict ourselves to considering 
rational Cherednik algebras. Therefore, in this subsection, we let IVbea complex reflection group 
and Ho jC (VF) the associated rational Cherednik algebra, as defined in lecture one. In the case of 
Coxeter groups the following was proved in [241 Proposition 4.15], and the general case is due to 
[291 Proposition 3.6]. 



Proposition 5.16. Let Ho jC (I^) be a rational Cherednik algebra associated to the complex reflection 
group W. 

(1) The subalgebra C[h] w C[t)*] w of H 0i c(VT) is contained in Z C (W). 
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(2) The centre Z C (W) of H 0>C (W) is a free C[t)] w C[f)*] w -module of rank \W\. 

The inclusion of algebras A := Cfh]^ ® Cff}*] 1 ^ ^ Z C (W) allows us to define the restricted 
rational Cherednik algebra H C (VF) as 

H (W) - " c{W) 
HcW " A + .H C (WY 

where A+ denotes the ideal in A of elements with zero constant term. This algebra was originally 
introduced, and extensively studied, in the paper [29J. The PBW theorem implies that 

H C (W) ^ C[\)] coW ®CW® C[t)*] coW 

as vector spaces. Here 

c[h] coH/ = c[f,]/<qO 

is the coinvariant algebra. Since TV is a complex reflection group, C[h] col/ ^ has dimension \ W\ and 
is isomorphic to the regular representation ^-module. Thus, dimH c (W) = \W\ 3 . Denote by 
Irr(VF) a set of complete, non-isomorphic simple VF-modules. 

Definition 5.17. Let A € Irr(W). The baby Verma module of H C (W), associated to A, is 

A(A) := H C (W) ®c[b*r° w xw A > 

where Cff)*]^ 1 ^ acts on A as zero. 

We summarize, as is done in [29j Proposition 4.3] the results of [35] applied to this situation. 

Proposition 5.18. Let A, \i G lrr(W). 

• The baby Verma module A(A) has a simple head, L(X). Hence A(A) is indecomposable. 

• A(A) is isomorphic to AQu) if and only if A ~ [i. 

• The set {L(X) | A 6 Irr(VF)} is a complete set of pairwise non-isomorphic simple H C (W)- 
modules. 

Both the rational Cherednik algebra and the restricted rational Cherednik algebra are Z-graded 
(no such grading exists for general symplectic reflection algebras). This means that the representa- 
tion theory of H C (M^) has a rich combinatorial structure and one can use some of the combianorics 
to better describe the modules L(X). 

5.6. The Calogero-Moser partition. Since the algebra H C (VF) is finite dimensional, it will de- 
compose into a direct sum of blocks: 

k 

Hc(W) = 0Bi, 

i=i 

where Bi is a block if it is indecomposable as an algebra. If b% is the identity element of Bi then the 

identity element 1 of H C (W) is the sum 1 = b\ H h by. of the 6j. For each simple H c (VF)-module 

L, there exists a unique i such that bi ■ L ^ 0. In this case we say that L belongs to the block Bi. 



By Proposition 5.18, we can (and will) identify IrrH c (H^) with Irr(VF). Following [32] we define 
the Calogero-Moser partition of Irr (W) to be the set of equivalence classes of Irr (W) under the 
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equivalence relation A ~ /i if and only if L(X) and L{fj) belong to the same block. 

To aid intuition it is a good idea to have a geometric intepretation of the Calogero-Moser parti- 
tion. It is a consequence of a theorem by Miiller, see \YS\ Corollary 2.7], that the primitive central 
idempotents of H C (W) (the Vs) are the images of the primitive idempotents of Z c /A + Z c under the 
natural map Z c /A + ■ Z c — > h\ c (W). The inclusion A Z C (W) defines a finite, surjective morphism 

T : X C (G) —> f)/W x fj*/W 

where t)/W x \j* /W = Spec A Geometrically, Midler's theorem is saying that the natural map 
Irr(W) — > T _1 (0), A i-> Supp(L(A)) = Xl(X)i factors through the Calogero-Moser partition (here 
Y _1 (0) is considered as the set theoretic pull-back): 

\rr(W) 

I 

CM(W) T-'(O) 

Using this fact, one can show that the geometry of X C (W) is related to Calogero-Moser partitions 
in the following way. 

Theorem 5.19. The following are equivalent: 

• The generalized Calogero-Moser space X C (W) is smooth. 

• The Calogero-Moser partition ofIn(W') is trivial for all parabolic subgroup W ofW. 

Here W is a parabolic subgroup of W if there exists some v G f) such that W = Stably (v). It is 
a remarkable theorem by Steinberg that all parabolic subgroups of W are again complex reflection 
groups. 

5.7. Symplectic resolutions. Now we return to the original question posed at the start of lecture 
one. 

Definition 5.20. A (projective) resolution of singularities is a birational morphism ir : Y — > V/G 
from a smooth variety Y, projective over V/G, such that the restriction of it to ■k~ 1 ((V/G) sti1 ) is 
an isomorphism. 

If V re g is the open subset of V on which G acts freely, then V reg /G C V/G is the smooth locus 
and it inherits a symplectic structure from V i.e. V Te g/G is a symplectic manifold. 

Definition 5.21. A projective resolution of singularities it : Y — > V/G is said to be symplectic if Y 
is a symplectic manifold and the restriction of it to vr _1 ((y/G) sm ) is an isomorphism of symplectic 
manifolds. 

The existence of a symplectic resolution for V/G is a very strong condition and implies that 
the map it has some very good properties e.g. tt is semi-small. Therefore, as one might expect, 
symplectic resolutions exist only for very special groups. 
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Figure 7. A representation of the resolution of the D4 Kleinian singularity. 

Theorem 5.22. Let (V,ui,G) be an irreducible symplectic reflection group. 

• The quotient singularity V/G admits a symplectic resolution if and only it admits a smooth 
Poisson deformation. 

• The quotient singularity V/G admits a smooth Poisson deformation if and only if X C (G) is 
smooth for generic parameters c. 

The irreducible symplectic reflection group have been classified by Cohen, [16J. Using the above 
theorem, work of several people (Verbitsky |52j . Ginzburg-Kaledin [28], Gordon [29] , Bellamy [3], 
Bellamy-Schedler [5]) means that the classification of quotient singularities admitting symplectic 
resolutions is (almost) complete. 

Example 5.23. Let G C SL2 (C) be a finite group. Since 

dimC 2 /G = 2, there is a minimal 
resolution C 2 /G of C 2 /G through which all other resolutions factor. This resolution can be explicitly 
constructed as a series of blowups. Moreover, C 2 /G is a symplectic manifold and hence provides 
a symplectic resolution of C 2 /G. The corresponding generalized Calogero-Moser space X C (G) is 
smooth for generic parameters c. The corresponding symplectic reflection algebras are closely 
related to deformed preprojective algebras, [17] . 

5.8. Graded characters. In this section, which is an exercise for the reader, we assume that W 
is a complex reflection group. The idea will be to use the grading on Ho jC (JU) to try and describe 
the simple modules L(X). 

Exercise 5.24. (1) Check that deg(x) = 1, deg(y) = — 1 and deg(u>) = for x G f)*, y G t) and 
w G W defines a Z-grading on Hj iC (M / ). Why does this also make H C (W) a graded algebra? 

(2) Let A G Irr(PF). Show that the baby Verma module A(A) is graded and that the simple 
module L(\) is a graded quotient of A(A). 

(3) Using the results from this lecture, show that A is in a block on its own if and only if 

dimL(A) = \ W\ if and only if L(A) ~ CW as a ^-module. 
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Recall that C[t)] coW , the coinvariant ring of W, is defined to be the quotient C[h]/(C[h]^ ). It is 
a graded W-module. Therefore, we can define the fake degree of A € Irr(W) to be the polynomial 

hit) = J2m? w ■■ w 

iez 

where C[t)]f w is the part of C[l)] coW of degree i and [C[h]f 147 : A] is the multiplicity of A in C[fj]f w . 
For each A £ Irr(W), we define 6 a to be the degree of smallest monomial appearing in f\(t) e.g. if 
f\(t) = 2t 4 — t 6 + • then 6a = 4. Given a finite dimensional, graded vector space M, the Poincare 
polynomial of M is defined to be 

P(M,t) = dim Mi**. 

Exercise 5.25. (Harder) Assuming that A is in a block on its own, show that the Poincare polynomial 
of L(X) is given by 

dimAt^*P(C[f)] coM/ ,t) 



P(L(X),t) 



fx*(t) 



Hints: 



(1) Recall that A(A) is indecomposable. So which L(n) can be composition factors of A(A)? 

(2) Try to calculate the graded multiplicities of L(A) in A(A). 

(3) Note that the trivial representation occurs only once in L(\). How often does it occur in 
A(A)? 

(4) Recall that for A, fi € lrr(W), \p<g>\: triv] / if and only if \i ~ A*. 

The module L(A) is finite dimensional. Therefore P(L(X),t) is a Laurent polynomial. However, 
one can often find representations A for which f\*(t) does not divide P(C[t)] coW ,t). In such cases 
the above calculation show that A is never in a block on its own. 



Exercise 5.26. The character table of the Weyl group G2 is given by 



The fake polynomials are 

Mt) = i, fs(t) = t e 

Is X C (G2) ever smooth? 



Class 


1 


2 


3 


4 


5 6 


Size 


1 


1 


3 


3 


2 2 


Order 


1 


2 


2 


2 


3 6 


T 


1 


1 


1 


1 


1 1 


S 


1 


1 


-1 


-1 


1 1 


Vi 


1 


-1 


1 


-1 


1 -1 


v 2 


1 


-1 


-1 


1 


1 -1 




2 


2 








-1 -1 




2 


2 








-1 1 


f Vl (t) = 


-t 3 , 


fv 2 (t) 


= t 3 , 





t 2 +t 4 , 



t + t 5 . 



46 



Exercise 5.27. (Harder) For this exercise you'll need to have GAP 3, together with the package 
"CHEVIE" installed. Using the codeQ fake. gap, show that there is (at most one) exceptional 
complex reflection group W for which the space X C (W) can ever hope to be smooth. Which 
exceptional group is this? 

5.9. Additional remark. 



Theorem 5.5 is proven in [24, Theorem 1.7]. 



The fact that X C (W) has finitely many symplectic leaves, Theorem 5.13, is [12, Theorem 
7.8]. 

The beautiful result that the representation theory of symplectic reflection algebras is con- 



stant along leaves, Theorem 5.14, is due to Brown and Gordon, |12^ Theorem 4.2]. 
Theorem 5.19 is stated for rational Cherednik algebras at t = 1 in positive characteristic 
in [H Theorem 1.3]. However, the proof given there applies word for word to rational 
Cherednik algebras at t = in characteristic zero. 

Steinberg's Theorem that the stabilizer subgroup of a complex reflection group is itself a 
complex reflection group is given in |48} Theorem 1.5]. 



Theorem 5.22 follows from the results in [28] and [42 J. 
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Available from 



http : //www . maths . gla. ac .uk/~gbellamy/MSRI .html 
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6. Solutions to exercises 



We include (partial) solutions to the exercises scattered throughout the course notes. 
6.1. Solutions to exercises in lecture [H 

Solution to exercise \l.9\. Let z = J^gecfa'd £ Z(C[V]>^G). Choose some g / 1. Since G C GL(V), 
there exists h G C[V] such that g(h) ^ h. Then 

[h,z] = J2f g (h-g(h))'g = 

implies that f g = for all g ^ 1. Therefore Z(C[V] x G) C C[V}. But it is clear that Z(C[V] x 
G) n C[V] C C[F] G . On the other hand one can easily see that C[V] G C Z(C[V] x G). □ 

Solution to exercise \l.l(A Taking away the relation [y, x] = 1 from (y — s)x = xy + s gives sx = — s 
and hence x = 1. Then [y, a;] = 1 implies that 1 = 0. □ 

Solution to exercise \1.23[ Part (1): This is a direct calculation using the fact that a s divides f—s(f) 
for all / G C[h]. Similar, part (2) is also a direct calculation. □ 



Solution to exercise 1.24 It is clear from the defining relations that every element in Ht jC (W) can 
be expressed as a linear combination of elements f-w-g, where / G C[h] and g £ C[f)*] are monomials 
and w S W. Therefore, we need to show that these elements are linearly independent. One can 
define an order filtration on D t (f) reg ) x W by placing C[h reg ] x W in degree zero and y's in degree one. 
The PBW theorem for Dt(h reg ) x W is then the statement that the associated graded algebra with 
respect to this filtration is C[f) reg x f)*] x W. One can define a similar filtration T m on Ht^VF) by 
placing C[h] x W in degree zero and f) in degree one. The Dunkl embedding is filtration preserving 
and if h G H 4iC (T^) has degree d say then its image in T> t (i) TC g) x W will have degree d too. This 
implies that the associated graded map is just the embedding C[f) X f)*] X W C[f) rcg x fj*] x W. 
In particular, the PBW theorem holds for H( jC (VF). □ 

Solution to exercise Yl.25[ At t = 0, D t (h reg ) x W = C[f) reg x h*] x W. Therefore the image of 
eH ,c(l ; ^)e is contained in eC[f) rcg x h*] ^ ^ e — C[h reg x t)*] w . This is a commutative ring. □ 

Solution to exercise \1.2(A Let w £ W and s £ 5. Then wsw^ 1 G 5 is again a reflection. This 
implies that there is some non-zero scalar j3 such that w(a s ) = [3a wsw -i. Thus, w(5) = jS for some 
non-zero scalar 7. This implies that 5 is a semi- invariant. Now the claim that, after localizing at 
5, the Dunkl embedding becomes an isomorphism is clear from the definition of Dunkl operators 
because it becomes possible to express the generators y in terms of the D y . □ 

Solution to exercise \1.27\ Firstly, eHi iC (H^)e is an integral domain because it is a filtered ring whose 
associated graded is C[h reg x ty*] w . Since C[f) rog x i)*] w is an integral domain, so too is eY\\ )C {W)e. 
Now choose z G Z(e\^\ )C {W)e). The Dunkl embedding defines an isomorphism 

eH liC (^)e[(e ( 5 r )- 1 ] ^ eD(f) rcg ) x We ~ D(h reg ) w '. 

Therefore the image of z in eHi ;C (W)e[(e<5 r ) -1 ] is either a unit or zero. If it is a unit then a(e5 r ) a -z = 
1 in eHi iC (VF)e, for some a G C x and a G N. But eb r is not a unit in eHi iC (VF)e (since the symbol 
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of e5 r in C[f) x i)*] w is not a unit). Therefore a = and z G C x . On the other hand if (e<5 r ) a • z = 
for some a then the fact that eHi iC (VF)e is a domain implies that z = 0. □ 



Solution to exercise \l.28[ Part (1): Since the isomorphism f)* — > f), x h- > x = (x, — ) is W"- 
equivariant, the only thing to check is that the commutation relation 

[y,x] = tx{y) - s ^c(s)a s {y)x{ai)s, VyGf), x G t)* 

still holds after applying — everywhere. This follows from two trivial observations. First, 

x(y) = y(x) = (x,y) = (y,x), 

and secondly, possibly after some rescaling, we have (a s , a s ) = (a^ , ) = 2 and a s = a y s , a y s = a s . 
For part (2), just follow the hint. □ 

6.2. Solutions to exercises in lecture [2l 



Solution to exercise 2.4 ■ The claim is just a direct calculation using the defining relations of H C (W A ). 

□ 

Solution to exercise\EM Part (1): Choose some 0^6f)*C C[fj] and take M = H C (W)/H C (W) ■ 
(eu — x). This module cannot be a direct sum of its generalized eigenspaces. 

Part (2): Let L be a finite-dimensional H c (W)-module. Then, it is a direct sum of its generalized 
eu-eigenspaces because eu G Endc(£) and a finite dimensional vector space decomposes as a direct 
sum of generalized eigenspaces under the action of any linear operator. If I G L a for some a G C, 
then the relation [eu, y] = —y implies that y ■ I G -L a -i- Hence y% ■ ■ -y^ ■ I G L a _j,. But L is finite 
dimensional which implies that L a _fc = for > 0. Hence f) acts locally nilpotently on L. □ 



Solution to exercise 2.1, Since M is finitely generate as a C[f)]-module, we may choose a finite 
dimensional, eu and (j-stable subspace Mo of M such that Mq generates M as a C[f)]-module. 
Therefore, there is a surjective map of C[fj]-modules <C[b] <8>c Mq — > M, a (8) m i— >■ am. This can be 
made into a morphism of C[eu]-modules by defining eu- (a®m) = [eu, a] (g>m + a(S>eu-m. If /o(i) G 
Z[x a | a G C] is the character of M then the character of C[rj] <g) M is Tj^jn/o^) G agC t a Z[[i]] 
and hence ch(M) G agC t a Z[[t]] too. For the second part, we note that the character of M only 
depends on its image in Kq(0). Therefore if 

[M]= Yl n x [A(X)}€K (O), 

Aelrr(W) 

for some n\ G Z, then the fact that ch(A(A)) = d '™i^ n A implies that ch(M) = jrz^a " where 

/(t) = ^ n A dim(A)t CA G Z[x a | a G C]. 

ASlrr(W) 

□ 
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Solution to exercise 2.14 Let MeO. We can decompose M as a C[eu] -module as 

M= M s 

seC/z 

where M a = ® fegs M&. It suffices to show that each M a is a H c (W)-submodule of M. But if x € fj* 
and m G Mf, then x ■ m £ M^+i and 6Ga iff 6 + lG a. A similar argument applies to y G f)* and 
u; G W. Thus M s is a H c (W)-submodule of M. □ 

Solution to exercise \2.15[ Note that A(A) CA = 1<8)A and A(A)b / implies that 6 — c\ G Z>o- If the 
quotient map A(A) — >• £(A) has a non-zero kernel K then choose L(fx) C K & simple submodule. 
We have c^ — c\ G Z>o, contradicting the minimality of fcp. Thus if = 0. In a similar way, one can 
show that 

Bom o >k (A(A), M) = Hom w (A, M C J 

for all M G 0- k °. Since M is a direct sum of its generalized eu-eigenspaces, this implies that 
Hom o >fc (A(A), — ) is an exact functor i.e. A (A) is projective. □ 

Solution to exercise \2.2(A Since O is a finite length, abelian category with finitely many simple 
modules, those simple modules L(X) are a Z-basis of Kq(0). Let k = |Irr(W)| and define the k by 
k matrix A = (a\^) G N by 

[A(A)]=^MeIrr(W)a AiM [L(/x)]. 
We order Irr(VF) = {Ai, . . . , A^} so that % < j implies that Aj > Xj. Then property (2) of definition 



2.17 implies that A is upper triangular with ones all along the diagonal. This implies that A is 



invertible over Z and hence the [A(A)] are a basis of K${0). □ 

Solution to exercise \2.2S\ As in the proof of Theorem 3.11, it suffices to consider modules in the 
block O a for some a G C. Recall that we constructed a filtration of this category 

Q>ko Q>ko — il ... Q^ k 0—in — QO, 

where < i\ < ■ ■ ■ < i n are chosen so that each inclusion 0- k °~ tr C O- °~ ir+1 is proper. For 
all A G Irr(W), define N(\) to be the positive integer such that L(A) G O- k0 ~ iN W but L(A) ^ 
Q>k -i N (x)- K w e c i aim that p.d.(A(A)) <n- N(X) for all A. The proof of Theorem 



2.13 



showed 



that A(A) = P(X) for all A such that N(X) = n. Therefore we may assume that the claim is true 
for all [i such that iV(/x) > Nq. Choose A such that N(X) = Nq. Then, as shown in the proof of 
Theorem 3.18, we have a short exact sequence 

O^K -»• P(A) -)■ A(A) ^0, 

where K admits a filtration by A(/i)'s for A < c /x. The inductive hypothesis, together with standard 
homological results e.g. Chapter 4 of [53], imply that p.d.(if) < Nq — 1 and hence p.d.(A(A)) < JVo 
as required. Now we show, again by induction, that p.d.(L(A)) < n+N(X). It was shown in exercise 
3.13 that A(A) = £(A) for all A such that N(X) = 0. Therefore, we may assume by induction that 
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the claim holds for all p such that N(p) < Nq. Assume N(X) = Nq. We have a short exact sequence 

-»• R -> A (A) L(A) -> 0, 

where -R admits a filtration by simple modules L(p) with p < c A. Hence, as for standard modules, 
we may conclude that p.d.(L(A)) < n + N(X). Note that we have actually shown that the global 
dimension of O a is at most 2n. □ 



Solution to exercise \2.2h\ Exercise 2.14 implies that 

O = 

Aelrr(iy) 

with A(A) G C Ca . Then exercise 3.13 implies that A(A) = L(X) and hence category O is semi- 
simple. □ 

Solution to exercise \2.26[ (1) If c ^ \ + Z then category is semi-simple. The commutation 
relation of x and y implies that 



[y,x n ] 

This implies that 



nx" 1 — 2cx n x s n odd 
nx n ~ l n even 



r / x C[x}(g>p t / \ A / \ 

L ^ = x 2 m+ l C [x]® P0 > L ^= A ^ 

when c = ^ + m for some m G Z>o- Similarly, 

C[x] <8) pi 



L(p ) = A(p ), L( Pl ) 



x 2m+1 C[x] 8> pi 

when c = ^ — m for some m G Z>o- 

For part (2), we have eu = — cs. Therefore Co = — c and ci = c. Thus, po < c p\ if and 
only if 2c G Z>o Similarly, pi < c po if an d only if 2c G Z<o- For all other c, po and p\ are 
incomparable. □ 



Solution to exercise 2.21 . Let's consider the case c = i + m for some m G Z>o- The situation 
c = — ^ - m is completely analogous. BGG reciprocity implies that A(po) = P(po) and -P(pi) is 
free of rank two over C[x]. Moreover, we have a short exact sequence 

-> A(p ) -> P(pi) ->• A(pi) = L(pi) -> 0. (15) 

So, as graded ^-modules, we write -P(pi) = C[x] po © C[x] <8 pi, where C[x] (8 po is identified 
with A(po). Then the structure of -P(pi) is completely determined by the action of x and y on p\\ 

y ■ (1 <g> pi) = /i(x) (g) po, x ■ (1 <8 pi) = x (8 pi + /o(x) (8 p 

for some /o> /i £ C[x]. For the action to be well-defined we must check the relation [y, x] = 1 — 2cs, 
which reduces to the equation 

y(fo(x)®p ) = 0. 

51 



Also s(fi) = fi for i = 0,1. This implies that fo(x) = 1. The second condition we require is 
that -P(pi) is indecomposable (this will uniquely characterize P(pi) up to isomorphism). This is 



equivalent to asking that the short exact sequence (15) does not split. Choosing a splitting means 
choosing a vector p\ + fiix) ® po £ P(pi) such that y • (pi + f2(%) ® Po) = 0. One can check that 
this is always possible, except when f\(x) = x 2m . Thus we must take fi(x) = x 2m . □ 

Solution to exercise \2.28[ We assume that c = | + m for some m G Z>o- The case c = — \ — m is 
similar and all other cases are trivial. We need to describe A = End|-| c (z 2 )(P(po) © P(pi))- Using 
the general formula (prove it!) dimHomH c (w)(P(A), M) = [M : L(\)\, and BGG reciprocity, we 
see that 

dimEnd Hc{Z2) (P(po)) = l, dimEnd Hc{Z2) (P(pi)) = 2 (16) 
dimHom Hc( z 2 )(P(po),P(pi)) = l, dimHom Hc(Z2 )(P(pi), P(p )) = 1. (17) 
Hence dim A = 5. The algebra A will equal CQ/I, where Q is some quiver and / an admissible 
ideap^l The vertices of Q are labeled by the simple modules in O, hence there are two: eo and 
e\ (corresponding to L(po) and L{p\) respectively). The number of arrows from eo to e\ equals 
dim Ext Hc ( Z2 ) (1/(^0 ), L(p)i) and similarly for e\ to eo- Hence there is one arrow e\ <— eo : a and 
one arrow eo e\ : b. The projective module P(po) will be a quotient of 

= C{eo, aeo = a, ba, aba, . . . }, 



and similarly for P(pi). Equations (16) imply that ba = (ab) 2 = in A (note that we cannot have 
eo — aba = etc. because the endomorphism ring of an indecomposable is a local ring). Hence A 
is a quotient of CQ/Iq, where Iq = (ba, (ab) 2 ). Now equation (17) implies that bab = ab for some 



a G C. But a/0 implies that ab = in A - a contradiction. Therefore bab = 0. □ 

Solution to exercise \2.3(A Part (1): By the proof of Corollary 1.17, we know that c is aspherical if 
and only if 

/:= H c (W)-e-H c (W) 

is a proper two-sided ideal of H C (VF). If this is the case then there exists some primitive ideal J 
such that I C J. Hence Ginzburg's result implies that there is a simple module L(\) in category 
O such that / • L(X) = 0. But clearly this happens if and only if e • L(X) = 0. 

Part (2): The only aspherical value for Z2 is c = — ^. □ 



6.3. Solutions to exercises in lecture [HI 



-^Recall that an ideal J in a finite dimensional algebra B is said to be admissible if there exists some m > 2 such 
that rad(B) m C I C rad(B) 2 
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Solution to exercise \3.Sl The Young diagram with residues is 





1 












2 


CO 











3 





1 


2 


3 








1 


2 


CO 





1 



Then F 2 |A) = g|(6, 6, 3, 2, 1)), K^X) = |A) and 

E 4 \X) = q- 2 \(6, 5, 3, 1, 1)) + q- 1 ^, 6, 2, 1, 1)) + |(6, 6, 3, 1)). 

□ 

Solution to exercise \3.1(A By adding an infinite number of zeros to the end of A G V, we may 
consider it as an infinite sequence (Ai, A2, • • • ) with Aj > Aj + i and A at = for all i and all N S> 0. 
Define 1(A) by it = A^ + 1 — k. It is clear that this rule defines a bijection with the required 
property. □ 

Solution to exercise \3.1h\ We have 

g([A\) = [4] + q[3, 1] + +q[2, 1, 1] + q 2 [l, 1, 1, 1], S([3, 1]) = [3, 1] + q[2, 2] + q 2 [2, 1, 1], 
G([2, 2]) = [2, 2] + g [2, 1, 1], G([2, 1, 1]) = [2, 1, 1] + q[l, 1, 1, 1], £([1, 1, 1, 1]) = [1, 1, 1, 1]. 

and 

g([5}) = [5] + q[3, 1, 1] + q 2 [l, 1, 1, 1, 1], 0([4, 1]) = [4, 1] + q[2, 1, 1, 1], 
g([3, 2]) = [3, 2] + g [3, 1, 1] + q 2 [2, 2, 1], g([2, 2, 1]) = [2, 2, 1], 
g([3, 1, 1]) = [3, 1, 1] + q[2, 2, 1] + q[l, 1, 1, 1, 1], g([2, 1, 1, 1]) = [2, 1, 1, 1], 

£([1,1,1,1,1]) = [1,1,1,1,1]. 

□ 

Solution to exercise \3.2(A (1) In this case, the numbers e\^(l), c\ and dim A are: 



^\A 


(5) 


(4,1) 


(3,2) 


(3,1,1) 


(2,2,1) 


(2,1,1,1) 


(1,1,1,1,1) 


(5) 


1 




















(4,1) 





1 

















(3,2) 








1 














(3,1,1) 


-1 





-1 


1 











(2,2,1) 


1 








-1 


1 








(2,1,1,1) 





-1 











1 





(1,1,1,1,1) 








1 


-1 








1 


ca 


65 
2 


-15 


-9 
2 





19 
2 


20 


75 
2 


dim A 


1 


4 


5 


6 


5 


4 


1 
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If we define ch A (i) := (1 - t) 5 ■ ch(L(A)), then 

ch (5 )(i) = t~f - 6t + 5tf , ch (4)1) (t) = 4t~ 15 - At 20 , 

9 75 . . 19 75 

ch( 3)2 )(0 = 5t~5 - 6t + fx, ch( 3)ljl )(t) = 6t- 5tTr - nr, 
ch( 2j 2,i)(*) = 5 ^> ch (2jl)ljl) (t) = At 20 , ch (lililjl)1) (t) = i™. 

(2) - 

(3) It suffices to calculate the 2 (resp. 3 and 5) cores of the partitions of 5. For r = 2 we get 

{[5], [3, 2], [2, 2,1], [1,1, 1,1,1]}, {[4,1], [2, 1,1,1]}, 
where the 2-cores are [1] and [2, 1] respectively. For r = 3 we get 

{[5], [2, 2,1], [2, 1,1,1]}, {[4,1], [3, 2], [1,1, 1,1,1]}, 

where the 3-cores are [2] and [1, 1] respectively. For r = 5 we get 

{[5], [4,1], [2, 1,1,1], [1,1, 1,1,1]}, {[3,2]}, {[2,2,1]}, 

where the 5-cores are 0, [3, 2] and [2, 2, 1] respectively (for an explaination of what is going 
on in this final example read |6|). 

□ 



Solution to exercise \3.21[ The argument is essentially identical to that for ch(L(A)). We use the 
polynomials e\^(q) to express the character chw(L(A)) in terms of the character of the standard 
modules A(/i). Then, we just need to calculate ch^(A(A)). Note that 1) C[f)] (8> A is a graded 
VF-module 2) the eu-character of A (A) is simply the graded character of C[h] <g> A multiplied by t Cx . 
Hence, it suffices to describe C[h] <g> A is a graded VF-module as a graded VF-module. This factors 
as 

C[f)]®A = C[f)r®C[f oH/ ®A 

and hence 

ch w (C[h] ® A) = ^-^—^ c h w (CM coW A). 

We have 

/46lrr(W) ViGZ / ftelit{W) 

In fact, for W = ©4, one can explicitly calculate the generalized fake polynomials. 



/AA 


(4) 


(3,1) 


(2,2) 


(4) 


1 


t + t 2 + t 3 


t 2 + t 4 


(3,1) 


t + t 2 + t 3 


1 + t + 2t 2 + 2t 3 + 2t 4 + t 5 


t + t 2 + 2t 3 + t A + t 5 


(2,2) 


t 2 + t 4 


t + t 2 + 2t 3 + t 4 + t 5 


t + 2t 3 + t 5 


(2,1,1) 


t 3 +t 4 + t 5 


t + 2t 2 + 2t 3 + 2t 4 + t 5 + t 6 


1 + 2t 2 + t 3 + t 4 + t 5 


(1,1,1,1,1) 


t e 


t 3 + t* + t 5 


t + t 3 
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p\A 


(2,1,1) 


(1,1,1,1) 


(4) 


t 3 + t 4 + i 5 


t 6 


(3,1) 


t + 2t 2 + 3t 3 + 2t 4 + 


t 3 + t 4 + t 5 


(2,2) 


t + t 2 + 2t 3 + t 4 + t 5 


t 2 + t 4 


(2,1,1) 


1 + i + 2t 2 + 2t 3 + 2t 4 + t 5 


t + t 2 + t 3 


(1,1,1,1,1) 


t + t 2 + t 3 


1 



□ 



C[x ] = C[z]. The ring T>(t)) w is generated 



2nx 



2n 



2nz n 



„n-l 



6.4. Solutions to exercises in lecture [4l 

Solution to exercise \4-ty Let z = x 2 so that C[xp 2 = 
by x 2 ,xd x and d 2 and = C{z,d z ). Since 

x^z") = xc\(x 2n ) = 

and 

d 2 x {z n ) = 2n(2n-l)z r - 

we see that (ft : T>(t)) w — >• D(f)/W) sends xc^ to 2z9 2 and <9 2 is sent to d z (Azd z — 2). Then d z is not 
in the image of (ft so it is not surjective. A rigorous way to show this is as follows: the morphism (ft 
is filtered. Therefore, it induces a morphism on associated graded, this is the map 

C[A, B, C]/(AC - B 2 ) -+ C[D, E], 

i4 D,B^ 2DE, C ^ \DE 2 . 
This is a proper embedding. □ 



Solution to exercise 4.9. Under the Dunkl embedding, 

c 



y = d x 



1 



which implies that d x ■ rhoo = and d x ■ rho\ = — &\. So the Z2-equivariant local systems on 
C x corresponding to A(po)[5 -1 ] and A(pi)[<5 _1 ] are given by the differential equations d x = and 
dx — — = respectively. Now we need to construct the corresponding local systems on C x /Z2- 
If z := x 2 then d z = ^.d x and A(po)[<5 _1 ] Z2 , resp. A(pi)[<5 _1 p 2 has basis a® = 1 <g> po, resp. 
a\ = x (g) px, as a free C[z =tl ]-module. We see that 

» n « 1 + 2c 

d z -a = 0, d z -ax = — — ax- 



2z 



l+2c 

Since the solutions of these equations are 1 and z 2 , the monodromy of these equations is given 
by 1 1 — y 1 and £ 1— >■ — exp(27T\/ — let) respectively. Therefore KZ(A(po)) is the one dimensional repre- 
sentation C&o of H C (Z2) defined by T ■ bo = bo and KZ(A(pi)) is the one dimensional representation 
C&i of H C (Z2) defined by T ■ b\ = — exp(27T\/^Tc)6i respectively. □ 

Solution to exercise \4~T(\ Recall that P(p x ) is the H c (Z2)-module C[x] <8> pi ® C[x] <8> po with 

x • (1 ® pi) = x <8> Pi + 1 ® po, x ■ (1 (8) po) = x ® po, 
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y- (1(8) pi) = x 2m ®p , y ■ (1 ® po) = 0. 

One can check that this implies that 

1 , . 1 1 

- • (1 <g> pi) = - ® pi r © p . 

a; x x z 

If we write P(po)[S^ 1 } = C[x ±:L ] • ai © Cfx^ 1 ] • ao, where a\ = l® p\ and ao = 1 © po, then 

c 2c 
d x ■ ai = (y + -(1 - s)) ■ a\ = y ■ ai H ai. 



Now, 



y • ai = x 2m <g> po = x 2m • a , 



hence <9 X • ai = ^ • ai + x 2m • a . Also, d x ■ ao = 0. A free C[z ±1 ]-basis of P(po)[<5 1 ]^ 2 is given by 
«i = x ■ a\ and no = ao- Therefore 

_ l + 2c 1 m + 1 1 m 

2z 2 z 2 

and d z -uo = 0, where we used the fact that c = | + m. Hence KZ(P(pi)) is given by the connection 



m+l 



9 2 + 







±z m 



Two linearly independent solutions of this equation are 

91{Z) = ( ^Hz) ) ' 92{Z) = ( 1 ) • 

If, in a small, simply connected neighbourghood of 1, we choose the branch of ln(z) such that 
ln(l) = 0, then 7(0) = and 7(1) = 2vr v /r T, where 



7 : [0, 1] -> C, 7 (t) = ln(exp(2vr v / -U)). 
Therefore KZ(P(pi)) is the two-dimensional representation of Ji^i^L^) given by 



1 

27Ta/^T 1 



This is isomorphic to the left regular representation of 'Hqi^'i)- D 

Solution to exercise £.11 If c = \ + m f° r some m € Z>o then Pkz = -P(pi)- If c = — | — m for 
some m G Z>o then P^x = -P(po)- Otherwise, Pr-^ = P(po) © P(pi), □ 

6.5. Solutions to exercises in lecture [5l 

Solution to exercise \5.1(A Part (1): Recall that Hayashi's contruction, [33] is defined as follows. 
We may think of t as a variable so that Ho, c (G') = H tjC (G)/t • H tjC (G). For z\, z 2 € Z C (G) define 

{zi,z 2 } = (^j[h,h] \ mod tH tjC (G), 

where 21,02 are arbitrary lifts of z\,z 2 in H tiC (G). Write p : H( jC (G) — > Hq jC (G) for the quotient 
map. Let us first check that the binary operation is well-defined. Let Zi,z 2 be arbitrary lifts of 
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zi,Z2 G Z C (G). Then p([zi,z 2 ]) = [p(zi), p(z 2 )] = 0. Therefore, there exists some £3 G Hi ]C (G) 
such that [^1,^2] = t ■ Z3. Since t is a non-zero divisor, Z3 is uniquely define. The claim is that 
p(zs) G Z C (G): let /i G Ho, c (G) and h an arbitrary lift of h in Ht )C (G). Then 

[h,p{h)\ = p([h,z 3 }) = p([h, -[h,z 2 ]]) 

= -p{-[z 2 ,[h,h]\) - p(^[z 2 ,[h,zi]])- 

Since z\ and z\ are lifts of central elements, the expressions [£2, ^1]] an d [z 2 , [h, z\]] are in 
t 2 Ht jC (G). Hence [h, p(z^)} = 0. Therefore, the expression {z±,z 2 } is well-defined. The fact that 
p([t • Zi,z 2 ]/t) = \p(z\), p(z 2 )] = implies that the bracket is independent of choice of lifts. The 
fact that the bracket makes Z C (G) into a Lie algebra and satisfies the derivation property is a 
consequence of the fact that the commutator bracket of an algebra also has these properties. 
Part (2) is left to the reader. □ 

Solution to exercise \5.1%\ (1) Recall that each function / G C[x, y] defines a vector field {/, — } 
on C 2 . For the generators x,y, these vector fields are {x, — } = yd y , {y, — } = —yd x . The 
idea is to calculate the integral curve through a point (p, q) G C 2 for each of these vector 
fields. Then the leaf through (p, q) will be the submanifold traced out by all these curves. 
We begin with yd y . The corresponding integral curve is a = (ai(t) , a 2 (t)) : B e (0) — > C 2 
such that a(0) = (p, q) and 

<*'(*) = (ydy)a(t), Vt G B e (0). 

Thus, a'i(t) = and a' 2 (t) = a 2 (t) which means a = (p,qe l ). Similarly, if b = (bi,b 2 ) is the 
integral curve through (p, q) for —yd x then b = (—qt+p,q). Therefore, there are only two 
symplectic leaves, {0} and C 2 \{0}. 

(2) The Hamiltonian vector fields in this case are Xe = H&f — 2Edn, Xp = —H8e + 2F8h 
and Xh = 2EdE — 2FdF- Let a = (a^(t), ap(t), a# (i)) be an integral curve through (p, q, r) 
for a vector field X. 

• For Xe, a(t) = (p, -pt 2 + rt + q, -2pt + r). 

• For Xp, a(t) = {—qt 2 — rt + p, q, 2qt + r). 

• For Xjj, a{t) = (pexp(2i), qexp(— 2i), r). 

Then, for all (p, (7, r) 7^ (0, 0, 0), Xe, Xp, Xp span a two-dimensional subspace of TL^^s^. 
Also, one can check that the expression aE(t)ap(t) + \aii{t) 2 = pq + ^r 2 is independent of 
t for each of the three integral curves above e.g. for Xp we have 

(-qt 2 —rt + p)q + ~^(2qt + r) 2 = pq + ^r 2 . 

Therefore, for s ^ 0, V(EF+ \H 2 = s) is a smooth, two-dimensional Poisson subvariety on 
which the symplectic form is everywhere non-degenerate. This implies that it is a symplectic 
leaf. For the null cone M = V(EF + \H 2 = 0), if we consider U = W\{(0, 0, 0)}, then this 

is also smooth and the symplectic form is everywhere non-degenerate. Thus, it is certainly 
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contained in a symplectic leaf of M. However, the whole of J\f cannot be a leaf because it 
is singular. Therefore, the symplectic leaves of M are U and {(0,0,0)}. 

□ 



Solution to exercise 5.24 Part (1): The fact that Hj )C (VF) is Z-graded follows directly from the 
defining relations. The key thing to check is that the relations ^ are all homogeneous. The 
restricted rational Cherednik algebra H C (W) is the quotient of H C (PF) by the ideal I generated by 
C[fj]^ and C[f)*]^. Both of these are graded subspaces of H c (W r ). Hence / is also graded. This 
implies that the quotient H C (VF) is graded. 

Let A e Irr(W). Recall that A(A) = H C (W) ®cm»°w »w A > where E[$*]+ W acts trivially on A. If 
we put A in degree zero, then it is a graded C[f)*] col4/ x P^-module. This implies that the induced 
module is also graded. Since 1 A generates A(A) and is an irreducible, homogeneous space, there 
is a unique maximal graded proper submodule of A(A), such that the corresponding quotient is L(X). 



Part (2): Recall that Midler's Theorem from section 5.6 says that the primitive central idem- 
potents of H C (H / ) (the V s ) are the images of the primitive idempotents of Z c /A + ■ Z c under the 
natural map Z c /A + ■ Z c — > H C (H^). The primitive idempotents of R := Z c /A + ■ Z c are in bijection 
with the maximal ideals in this ring: given a maximal ideal m in R there is a unique primitive 
idempotent b whose image in R/m is non-zero. Under this correspondence, the simple module 
belonging to the block of H c (iy) corresponding to b are precisely those simple modules supported 
at m. Thus, the block b has just one simple module if and only if there is a unique simple module 



of H C (PF) supported at m. But, by the Artin-Procesi Theorem, remark 5.4 (3), there is a unique 
simple module supported at m if and only if m is in the Azumaya locus of X C (W). As noted in the 
proof of Corollary |5.6| the smooth locus of X C (W) equals the Azumaya locus. Thus, to summarize, 
the module L(X) is on its own in a block if and only if its support is contained in the smooth locus. 
Then, the conclusions of the exercise follow from Theorem |5.5| and Corollary |5.6| □ 



Solution to exercise \5.25\ The fact that A(A) is indecomposable implies that all its composition 
factors belong to the same block. We know that L{X) is one of these composition factors. But, by 
assumption, L{X) is on its own in a block. Therefore every composition factor is isomorphic to L(X). 
So let's try and calculate the graded multiplicities of L(X) in A(A). In the graded Grothendieck 
group of H C (W), we must have 

[A(X)} = [L(X)][i 1 ] + ... + [L(X)][i r ] (18) 



where [L(A)][fe] denotes the class of L(X), shifted in degree by k. By exercise 5.24, dimL(A) = \ W\ 
and it is easy to see that dimA(A) = |W|dimA. Thus, r = dimA. Since L(X) is a graded 
quotient of A(A) we may also assume that i\ = 0. Recall that C[{)] coW is isomorphic to the regular 
representation as a VK-module. Therefore, the fact that [fi <g> A : triv] ^ if and only if fi ~ A* 
(in which case it is one) implies that the multiplicity space of the trivial representation in A(A) 
is (dim A)-dimensional. The Poincare polynomial of this multiplicity space is precisely the fake 
polynomial fx* (t). On the other hand, the trivial representation only occurs once in L(X) since it is 
isomorphic to the regular representation. Therefore, comparing graded multiplicities of the trivial 
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representation on both sides of equation (18) implies that, up to a shift, t n + ■ ■ ■ + t %r = f\*(t). 



What is the shift? Well, the lowest degreq^j occurring in t %1 + • • • + t %T is i\ = 0. But the lowest 
degree in f x (t) is b x *. Thus, t h H h t ir = t~ b >>* f\*(t). This implies that 

h*{t) 

Clearly, P(A(A),i) = (dim A)P(C[{)] coW , t). □ 

Solution to exercise \5.26[ The space X c (Cr2) is never smooth. The Poincare polynomial of C[f)i] coG ' 2 
is 

(1 - t 2 )(l - t 6 )/(l - t) 2 = 1 + 2t + 2t 2 + • • • + 2t 5 + t 6 . 
The polynomials t 2 + t 4 and i + t 5 do not divide this polynomial in Z[t,t -1 ]. Therefore 

dimL(f)i),dimL(f) 2 ) < 12 
for any parameter c, which implies the claim. □ 



Solution to exercise 5.27 For help with this exercise, read [3]. □ 



It is not complete obvious that is the lowest degree in t ix + ■ ■ ■ + t ir , see [291 Lemma 4.4]. 
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